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Abstract
The present paper deals with the question of representability of nets of C∗-algebras
whose underlying poset, indexing the net, is not upward directed. A particular class of
nets, called C∗-net bundles, is classified in terms of C∗-dynamical systems having as group
the fundamental group of the poset. Any net of C∗-algebras embeds into a unique C∗-net
bundle, the enveloping net bundle, which generalizes the notion of universal C∗-algebra
given by Fredenhagen to nonsimply connected posets. This allows a classification of nets; in
particular, we call injective those nets having a faithful embedding into the enveloping net
bundle. Injectivity turns out to be equivalent to the existence of faithful representations.
We further relate injectivity to a generalized Cˇech cocycle of the net, and this allows us to
give examples of nets exhausting the above classification. Using the results of this paper we
shall show, in a forthcoming paper, that any conformal net over S1 is injective.
∗Both the authors are supported by the EU network “Noncommutative Geometry” MRTN-CT-2006-0031962.
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1 Introduction
A net of C∗-algebras is a covariant functor from a poset, considered as a category, to the category
of unital C∗-algebras having faithful ∗-morphisms as arrows. Actually, this structure is not a net
unless the poset is upward directed; it is, rather, a precosheaf of C∗-algebras, however we prefer
to maintain the term net throughout this paper, according to the convention used in algebraic
quantum field theory. The present paper is addresses to the analysis of nets over nonupward
directed posets, and, in particular, the question of their representability on Hilbert spaces.
The basic idea of the algebraic approach to quantum fields over a spacetime is that the phys-
ical content of the theory is completely encoded in the relation linking observables measurable
within a suitable region of the spacetime to that region ([30, 28, 1, 35, 7, 3]). Mathematically this
is expressed by a net of C∗-algebras defined over a poset given as a suitable set of regions of the
spacetime ordered under inclusion. Two physical inputs are imposed on this net: causality and
covariance under spacetime symmetries, if there are any. This is what is called the observable
net. Quantum physical systems, like for instance elementary particles, are described by certain
representations of the observable net on a Hilbert space. Some remarkable results in this direc-
tion are [18, 19, 4].
The set of regions indexing the observable net must be chosen to best fit the topological
and the causal properties of the spacetime and the global symmetries. In Minkowski space this
is the set of double cones, which turns out to be upward directed under inclusion; so the net
embeds faithfully in the inductive limit C∗-algebra (the colimit). Symmetries on the net lift to
the inductive limit, and (covariant) representations of the inductive limit yield (covariant) repre-
sentations of the observable net. However, when one deals with theories over curved spacetimes,
where nontrivial topologies are allowed, or over the circle S1, the appropriate set of regions is not
upward directed any more 1, see [11, 27, 39]. So the question of the existence of representations
arises.
A similar problem arises in geometric group theory ([8, 25]). Any simple complex of groups is
a net of groups over its set of simplices ordered under opposite inclusion, and the realizability of
the complex, namely the existence of a faithful embedding into the colimit, is equivalent to the
existence of a faithful representation of the net (the analogue of a Hilbert space representation,
see below). Neverthless the powerful results obtained in this context seem to be very far from
to be applicable to the nets arising in quantum field theory, mainly because the posets involved
are finite and, in many applications, the groups are finitely generated.
The question of representability in the context of quantum field theory has been considered
by Fredenhagen, who generalized the inductive limit C∗-algebra to nonupward directed posets
introducing the universal C∗-algebra of a net, characterized by the property that representations
of the net (those that we call, in the present paper, Hilbert space representations) lift to rep-
resentations of the universal C∗-algebra ([23, 26]). Symmetries of the net lift to the universal
C∗-algebra, which reduces to the inductive limit when the poset is upward directed. The advan-
tage, apart that of dealing with a single algebra rather than a net, is that some of the symmetries
and representations of the observable net may be realized in the universal C∗-algebra, see for
instance [24, 17, 31].
Nevertheless we consider this approach unsatisfactory, for two main reasons. First, the univer-
sal C∗-algebra may be trivial, but there is no result connecting the nontriviality of the universal
C∗-algebra to intrinsic properties of the net itself. Secondly, the universal C∗-algebra is too
restrictive, since it does not take the fundamental group of the poset into account2. Two re-
1An upward directed poset is simply connected; the first homotopy group of the spacetime is isomorphic to
that of the poset indexing the net, see [39].
2A geometrical invariant appearing in this context is the 2-homology of the poset. As shown in [31], central
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cent papers, [15] and [12] (see also [5]) illustrate the problems that arise. In particular, in [12]
quantum effects due to the topology of the spacetime have been studied. Guided by Roberts’
cohomology [34, 35], the authors introduced a different notion of representation for a net of C∗-
algebras, that we use here and call representation in the sequel. These induce a representation
of the fundamental group of the poset; generalize the above notion of Hilbert space representa-
tion in the sense that the two notions coincide when the poset is simply connected; describe, as
representations of the observable net over a spacetime, charges affected by the topology of the
spacetime. Nevertheless, these representations do not, in general, admit any extension to the
universal C∗-algebra.
The present paper answers the above two questions and is organized as follows. We begin by
giving a combinatorial construction of nets of C∗-algebras over arbitrary posets (§3.2). After-
wards we focus on a particular class of nets, the C∗-net bundles, giving a classification in terms
of C∗-dynamical systems carrying an action of the fundamental group of the poset (§3.3). The
importance of net bundles is that any net embeds into a C∗-net bundle called the enveloping net
bundle, uniquely associated with the given net. This gives a first answer to the above questions,
since it takes into account the topology of the poset and reduces to the universal C∗-algebra
when the poset is simply connected. We distinguish nets between nondegenerate, whenever the
enveloping net bundle is nonvanishing, and injective, whenever the embedding is faithful (§3.4).
Injectivity turns out to be equivalent to the existence of faithful representations (§4). We give
an intrinsic description of injective nets in terms of a generalized Cˇech cocycle. This allows us
to find examples of nets exhausting the above classification: degenerate nets, nondegenerate but
noninjective nets and injective nets having no Hilbert space representations (so, the universal
C∗-algebra is trivial but the embedding into the enveloping net bundle is faithful, §5).
Finally, we stress that this paper shall be followed by a second one ([41]), in which the ideas of
the present work shall be used to prove that any (covariant) net over the standard, nondirected
subbase of S1 has faithful (covariant) representations, a scenario of interest in conformal field
theory.
2 Preliminaries
We introduce basic notions of posets, some motivated by algebraic quantum field theory, and
some related algebraic structures. In particular we discuss the fundamental group of a poset in
terms of a related simplicial set.
2.1 Posets
A poset is a nonempty set K with an order relation ≤, that is, ≤ is a binary relation which is
reflexive, antisymmetric and transitive. We shall denote the elements of K by Latin letters o, a.
We shall write a < o to indicate that a ≤ o and a 6= o. A poset K is said to be upward directed if
for any pair o1, o2 ∈ K there is o ∈ K with o1, o2 ≤ o. The dual poset of K is the set K
◦ having
the same elements as K and order relation ≤◦ defined by a ≤◦ o if, and only if, o ≤ a. We say
that K is downward directed if K◦ is upward directed. A subset C ⊆ K is said to be contained
in a ∈ K whenever o ≤ a for all o ∈ C and in this case we write C ⊆ a.
A morphism from K to a poset P is an order preserving map f : K → P : f(o) ≤ f(a) whenever
o ≤ a, and we say that it is an isomorphism if it is injective and surjective. We shall denote the
set of automorphisms of a poset K by Aut(K). A group G is a symmetry group for K if there
elements of the universal algebra of a net are associated with 2-cycles of the spacetime.
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is an order preserving left action G×K ∋ (g, o)→ go ∈ K, that is, if there is an injective group
morphism from G to Aut(K).
The next definition is a key notion for posets used in algebraic quantum field theory. A causal
disjointness relation for a poset K is symmetric binary relation ⊥ such that
a ⊥ o and o˜ ≤ o ⇒ a ⊥ o˜ .
If K is endowed with a causal disjointness relation ⊥ and G is a symmetry group for K, we
always assume that G preserves ⊥; this amounts to saying that
a ⊥ o ⇐⇒ ga ⊥ go ,
for any g ∈ G.
In algebraic quantum field theory, the main object of study is the observable net: an inclusion
preserving mapping from a set of regionsK of a given spacetime manifold to the set of C∗-algebras
[28]. So the poset structure of the set K, ordered under inclusion, enters the theory. In general
this set of regions K is a base of neighbourhoods for the topology of the spacetime manifold,
consisting of open, connected and simply connected subsets of the spacetime. If the spacetime
has a global symmetry group, then one considers only bases of neighbourhoods stable under its
action.
In Minkowski space M4, K is the set of double cones, the symmetry group is the Poincare´
group, and the causal disjointness relation is spacelike separation. This poset is upward directed
under inclusion. For arbitrary 4-dimensional globally hyperbolic spacetimes M, K is the set
of diamonds [39, 12], which is stable under isometries, and the causal disjointness relation is
induced by the causal structure of the spacetime. This poset is not upward directed when M
is not simply connected or when M has compact Cauchy surfaces. For theories on the circle
S1, K is the set of connected open intervals of S1 having a proper closure; the symmetry group
is Diff(S1) or the Mo¨bius subgroup; the usual notion of disjointness between sets is the causal
disjointness relation. This poset is not upward directed either.
2.2 A simplicial set for posets
We introduce a simplicial set associated with a poset and, in particular, discuss the notion of the
fundamental group of a poset in terms of this simplicial set. The standard symbols ∂i and σi
are used to denote the face and degeneracy maps. The symbols ∂ij and σij denote, respectively,
the compositions ∂i∂j and σiσj . References for this section are [35, 37].
We consider the simplicial set Σ∗(K) of singular simplices associated with a poset K, intro-
duced by Roberts in [35]. A brief description of the set Σn(K) of n-simplices is the following. A
0-simplex is just an element of K. Inductively, for n ≥ 1, and n-simplex x is formed by n + 1,
(n − 1)-simplices ∂0x, . . . , ∂nx and by an element of the poset |x|, called the support of x, such
that |∂ix| ≤ |x| for i = 0, . . . , n. We shall denote 0-simplices either by a or by o, 1-simplices
by b, and 2-simplices by c. Given a 1-simplex b the opposite b is the 1-simplex having the same
support as b and such that ∂0b = ∂1b, ∂1b = ∂0b.
Composing 1-simplices one gets paths. A path p is an expression of the form bn ∗ · · · ∗ b1
where bi are 1-simplices satisfying the relations ∂0bi−1 = ∂1bi for i = 2, . . . , n. We define the
0-simplices ∂1p := ∂1b1 and ∂0p := ∂0bn and call them, respectively, the starting and the ending
point of p. The support of a path p is the subset |p| of K whose elements are the the supports
of the 1-simplices which compose the path. By p : a → a˜ we mean a path starting from a and
ending at a˜. A path p : o → o is called a loop over o. The opposite of p is the path p : a˜ → a
5
defined by p := b1 ∗ · · · ∗ bn. If q is a path from a˜ to aˆ, then we can define, in an obvious way,
the composition q ∗ p : a→ aˆ.
Any poset morphism f : K → P induces a morphism between the corresponding simplicial
sets. Given o ∈ Σ0(K), we let f(o) ∈ Σ0(P ) be the image of o by f. Inductively, for n ≥ 1,
given an n-simplex x of K we define f(x) as the n-simplex of P withs faces ∂if(x) := f(∂ix)
for i = 0, 1, . . . n, and support |f(x)| := f(|x|). This, clearly, induces a mapping between the
corresponding set of paths: f(p) := f(bn) ∗ · · · ∗ f(b2) ∗ f(b1) is a path of P for any path p of K of
the form p = bn ∗ · · · ∗ b2 ∗ b1.
A poset K is said to be connected whenever for any pair o, a of 0-simplices there is a path
p : o→ a. In the present paper we shall always consider pathwise connected posets. In a pathwise
connected poset we can define path frames : fixed a 0-simplex o, the pole, a path frame Po, with
respect to o, is a choice for any 0-simplex a of a path p(a,o) : o→ a such that p(o,o) is homotopic
(see below) to ιo the trivial loop over o which i.e. the degenerate 1-simplex σ0o. We shall always
denote the opposite p(a,o) of the path p(a,o) in Po by p(o,a).
A deformation of a path p is a path obtained either by replacing two subsequent 1-simplices
∂0c ∗ ∂2c of p by ∂1c, or by replacing a 1-simplex ∂1c of p by ∂0c ∗ ∂2c, where c ∈ Σ2(K). Two
paths p and q are homotopy equivalent, written ∼, if one can be obtained from the other by a
finite sequence of deformations. We shall denote the homotopy class of a path p by [p]. We then
define the first homotopy group of K, with base point o ∈ Σ0(K), as
πo1(K) := {p : o→ o}/ ∼ , [p] · [q] := [p ∗ q] .
Note that, if f : K → P is a poset morphism, then the induced mappings between the set of
paths (see above) preserves homotopy equivalence. So, by setting
f∗([p]) := [f(p)] , [p] ∈ π
o
1(K) ,
one has that f∗ : π
o
1(K)→ π
f(o)
1 (P ) is a group morphism. Now, since we consider only pathwise
connected posets, the first homotopy group does not depend, up to isomorphism, on the choice
of the base point; this isomorphism class, written π1(K), is the fundamental group of K. We
shall say that K is simply connected whenever π1(K) is trivial.
It turns out that a poset K is simply connected if it is upward directed, because there is a
contracting homotopy [35], but also if it is downward directed because the fundamental group of
a poset and that of its dual are equivalent [37]. A useful result is the following (see [39]): when
K is a base of neighbourhoods of a space X consisting of arcwise and simply connected subsets,
π1(K) is isomorphic to the homotopy group π1(X). This has important consequences for the
present paper.
In the following we shall also use the nerve N∗(K) of K. Considering the poset K as a
category (taking the elements of K as objects and the inclusions as arrows), a 0-simplex of the
nerve is an object of this category; a 1-simplex is an arrow; an n-simplex is a composition of n
arrows. The nerve can be realized as a subsimplicial set of Σ∗(K). Clearly 0-simplices of the
nerve are nothing but that 0-simplices of Σ0(K). For n ≥ 1, the elements of Nn(K) are those
elements x of Σn(K) whose vertices x
i := ∂012···(i−1)(i+1)···(n−1)nx, for i = 0, 1, . . . , n, satisfy the
relation
x0 ≤ x1 ≤ x2 ≤ · · · ≤ xn = |x| .
In the following we shall use the following notation: by (ao) ∈ N1(K) we shall mean the 1-simplex
of the nerve with ∂1(ao) = o and ∂0(ao) = a; clearly a ≥ o and |(ao)| = a.
Finally, we introduce a notion of continuity for symmetries of a poset, which is mainly used for
posets arising as a base for the topology of a space as those introduced in §2.1. Some preliminary
observations are in order. Let G be a symmetry group of the poset K. Extend the action of
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the group from the poset K to the simplicial set Σ∗(K) and hence to paths, as done above for
morphisms of posets. It is clear, from the definition of symmetry of a poset, that p ∼ q if, and
only if, gp ∼ gq. So g∗ : π
o
1(K)→ π
go
1 (K) is a group isomorphism. Now, a continuous symmetry
group is a topological symmetry group G of K such that, for any path p and a0, a1 ∈ K with
∂0p < a0, ∂1p < a1, there is a neighbourhood Ue of the identity e ∈ G such that g∂0p ≤ a0,
g∂1p ≤ a1, and
(a, g∂0p) ∗ gp ∗ (o, g∂1p) ∼ (a, ∂0p) ∗ p ∗ (o, ∂1p) (2.1)
for any g ∈ Ue. In this equation (o, g∂1p) denotes the 1-simplex of the nerve having g∂1p has
1-face and o as 0-face, that is, ∂1(o, g∂1p) = g∂1p and ∂0(o, g∂1p) = o, and (o, g∂1p) denotes the
opposite of the 1-simplex (o, g∂1p). The meaning of (2.1) is that, in the limit g → e, the path
gp becomes homotopic to p, up to rescaling the starting and the ending points. Examples of
posets having a continuous symmetry group are those described in §2.1, arising as a base for the
topology of a G-space.
3 Abstract nets of C∗-algebras
We develop the abstract theory of nets of C∗-algebras over posets, focusing on those aspects
of the theory involving the question of representability of nets. We define some basic notions
concerning nets of C∗-algebras and give several examples motivating these definitions. Apart
from the examples coming from the algebraic quantum field theory, we give new examples of
nets of C∗-algebras over any poset.
The first important result concerns a particular class of nets, those that we call C∗-net bundles,
which are classified in terms of C∗-dynamical systems having as group the first homotopy group
of the poset. The importance of this result relies on two related facts. First, as we shall see in §4,
this result implies that any C∗-net bundle can be faithfully represented. Secondly, we shall prove
that any net of C∗-algebras over a poset embeds in a unique C∗-net bundle: the enveloping net
bundle. So, the existence of faithful representations turns out to be equivalent to the faithfulness
of the embedding of the net into the enveloping net bundle. Nets satisfying the latter property
are called injective nets.
3.1 Basic definitions
A net of C∗-algebras (A, )K is defined by a poset K, a correspondence A : o→ Ao associating
a unital C∗-algebra Ao to any o ∈ K, the fibre over o, and a family oa : Aa → Ao, with a ≤ o,
of unital faithful ∗-morphisms, the inclusion maps, satisfying the net relations
oa ◦ ae = oe , e ≤ a ≤ o .
Whenever the inclusion maps are all ∗-isomorphisms we say that (A, )K is a C
∗-net bundle. If
P ⊂ K, then restricting A and  to elements of P yields a net called the restriction of (A, )K
to P , that we denote by (A, )P .
Remark 3.1. Some observations are in order.
1. According to the above definition, a net of C∗-algebras is a pre-cosheaf of C∗-algebras. We are
adopting the practice in algebraic quantum field theory of calling these objects nets of C∗-algebras
even if it properly only applies when the poset is upward directed.
2. The term net bundle derives from the fact that, as indicated in [37], these objects are fibre
bundles over posets where geometrical concepts like connections and their curvatures can be
introduced and analyzed. Moreover, when K is a good base for the topology of a space X , the
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category of net bundles is, in essence, a (non-full) subcategory of the category of bundles on X
in the usual sense [37].
3. Note that, when we have a C∗-net bundle (A, )K , each oa, a ≤ o, is invertible, and it makes
sense to consider the inverses oa
−1. To be concise we will write ao := oa
−1.
A morphism (φ, f) : (A, )K → (B, ı)P of nets of C
∗-algebras is a pair (φ, f), where f : K → P
is a morphism of posets and φ is a family φo : Ao → Bf(o), o ∈ K, of
∗-morphisms fulfilling the
relation
φo ◦ oa = ıf(o)f(a) ◦ φa , a ≤ o .
We say that (φ, f) is unital morphism whenever all φo are unital, and faithful on the fibres
whenever φo is faithful for any o. Moreover, we say that (φ, f) is a monomorphism if f is injective
and φo is faithful for any o; it is an isomorphism if f and φo, for any o, are isomorphisms. There
is an obvious composition rule between morphisms: given (ψ, h) : (B, ı)P → (C, y)S we define
(ψ, h) ◦ (φ, f) := (ψ ◦ φ, h ◦ f) : (A, )K → (C, y)S ,
leading, in an obvious way, to the category of nets of C∗-algebras. We shall mainly deal with
nets over a fixed poset K where we shall denote morphisms of the form (φ, idK) by φ (idK is the
identity morphism of K).
The constant net bundle with fibre the C∗-algebra A is defined as the constant assignment
Ato := A, o ∈ K, with inclusion maps 
t
o˜o := idA for all o ≤ o˜; we say that the net is trivial if it
is isomorphic to a constant net bundle. Applying the reasoning of [36, 37] it can be proved that
when K is simply connected every C∗-net bundle (A, )K is trivial; in §3.3 we shall give a proof
using dynamical systems. Finally, we say that a net vanishes if it is isomorphic to the null net
bundle, that is, the C∗-net bundle having fibre {0}.
Remark 3.2. It is easily seen from the above definitions that a net is a functor from a poset,
considered as a category, to the category of unital C∗-algebras having unital faithful ∗-morphisms
as arrows. Other types of nets can be obtained by changing the target category, as follows.
A net of Hilbert spaces (H, U)K is given by the correspondence assigning Hilbert spaces Ho,
o ∈ K, and a family of isometries Uao : Ho → Ha, o ≤ a, fulfilling Ueo = Uea Uao, o ≤ a ≤ e.
When each Uao is unitary we say that (H, U)K is a Hilbert net bundle.
A net of locally compact groups (G, )K is defined assigning locally compact groups Go, o ∈ K,
and continuous group monomorphisms ao : Go → Ga, o ≤ a, fulfilling eo = ea ◦ ao, o ≤ a ≤ e.
We say that (G, )K is a group net bundle whenever each ao is an isomorphism.
Let G be symmetry group of K in the sense of §2.1. A net of C∗-algebras (A, )K is G-
covariant if for any g ∈ G there is a family αgo : Ao → Ago, o ∈ K, of
∗-isomorphisms such
that
αhgo ◦ α
g
o = α
hg
o , g, h ∈ G , (3.1)
and
αgo ◦ oa = go ga ◦ α
g
a , a ≤ o . (3.2)
Let (B, ı, β) be a G-covariant net. A morphism φ : (A, )K → (B, ı)K is said to be G-covariant
whenever βgo ◦φo = φgo ◦α
g
o, ∀o ∈ K, g ∈ G. When G is a continuous symmetry group of K (see
(2.1)) we assume that the action α on a covariant net (A, , α)K is continuous. This amounts to
saying that if {gλ}Λ is a net in G converging to the identity of the group, then for any o ∈ K,
and for any a ∈ K with a > o, there exists λa ∈ Λ such that gλo ≤ a for any λ ∈ Λ with λ ≥ λa
and
‖a gλo ◦ α
gλ
o (A) − ao(A)‖ → 0 , ∀A ∈ Ao . (3.3)
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We stress that this notion of continuity is intended for posets arising as the base for the topology
of a topological space acted upon, continuously, by a group (see §2.1). In this cases, one can
easily see that when the poset is upward directed this notion of continuity reduces to the usual
notion in algebraic quantum field theory (see [28]).
Finally, when K is endowed with a causal disjointness relation ⊥, we say that a net of C∗-
algebras (A, )K is causal if, for any o1, o2 ⊆ o with o1 ⊥ o2, there holds
[oo1(A1), oo2(A2)] = 0 , (3.4)
for any A1 ∈ Ao1 and A2 ∈ Ao2 , where [·, ·] denotes the commutator.
3.2 Examples
Many of the examples of nets of C∗-algebras arise as models of quantum fields over a spacetime,
mainly via the Weyl quantization of the phase space of a classical field. For any spacetime men-
tioned in §2.1 (the Minkowski space, the circle S1, or an arbitrary globally hyperbolic spacetime)
there are causal nets, over a suited poset (see §2.1), which are covariant with respect to the sym-
metries of the spacetime. For these examples we refer the reader to [28, 1, 13, 20, 43, 6, 11, 24].
We also quote [14] for generally locally covariant nets over globally hyperbolic spacetimes, and
[13, 2] for examples of nets over the lattice Zn.
In all the mentioned examples the representability problem does not arise: the nets are repre-
sented on the physical Hilbert space of the model3. However, in order to study model independent
aspects of a theory one is led to consider abstract nets of C∗-algebras. Apart from the cases,
like the Minkowski space, where the poset indexing the net is upward directed (see §2.1), there
is no result about the existence of representations for these nets; in these cases the existence of
a representation is a working assumption. This motivates our investigation.
Important examples of nets outside the context of quantum field theory comes from geomet-
ric group theory: as said in the introduction, any simple complex of groups is a net of groups
([8, 25, 29, 42]). Examples are also the systems of C∗-algebras and the systems of groups under-
lying the notions of (generalized) amalgamated free product [32, 33, 10, 9].
In the next subsections we provide new examples of nets. In particular, we give a combi-
natorial construction of nets of C∗-algebras over arbitrary posets. These nets turn out to be
covariant when the posets have a symmetry group. Aspects related to the causal structure will
be discussed in a future work [16].
3.2.1 Nets of groups of loops
We introduce a way of deforming a path of a poset which turns out to be weaker than that under-
lying the homotopy equivalence relation This new deformation allows us to construct examples
of nets of discrete groups (in the present section) and of C∗-algebras (later) over any poset.
Given two paths p,q with the same endpoints. We say that q is a w-deformation of p, and
conversely, if
(1) either q is obtained by inserting into p a degenerate 1-simplex;
3For instance, models obtained by Weyl quantization are, in general, represented on a Fock space. More in
general, in these models the net faithfully embeds into the C∗-algebra associated with whole phase space. Faithful
representations of this algebra induce faithful representations of the net.
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(2) or by replacing two consecutive 1-simplices ∂0c ∗ ∂2c of the path p by ∂1c where c ∈ N2(K)
(a 2-simplex of the nerve);
(3) or q can be obtained by replacing two consecutive 1-simplices b ∗ b of the path p by σ0∂1b.
Two paths with the same endpoints are w-equivalent if one can be obtained from the other by a
finite sequence of w-deformations.
This is an equivalence relation weaker than homotopy since any pair of w-equivalent paths
are also homotopy equivalent. The following example points out the difference between these
two relations. Consider a 1-simplex b ∈ Σ1(K), and the associated path
pb := (|b|∂0b) ∗ (|b|∂1b) ,
where (|b|∂1b) is the 1-simplex of the nerve of K (see §2.2) having 1-face ∂1b and 0-face |b|; while
(|b|∂0b) is the opposite in Σ1(K) of the 1-simplex of the nerve (|b|∂0b). Then b is homotopic to
pb: the relations
∂0cb := (|b|∂0b) , ∂2cb := (|b|∂1b) , ∂1cb := b , |cb| := |b| ,
define a 2-simplex cb of Σ2(K). However
b ∼w pb ⇐⇒ b ∈ N1(K) .
In fact if b does not belong to the nerve of K, then cb does not belong to the nerve of K, and this
implies that b 6∼w pb. Conversely if b belongs to the nerve, then ∂0b = |b|. So (|b|∂0b) = σ0∂0b
(the degenerate 1-simplex associated with the 0-face of b) and b = (|b|∂1b). Therefore cb ∈ N2(K)
and b ∼w p by property (2) of the above definition.
Now it is easily seen that w-equivalence is compatible with the composition of paths and with
the operation of taking the opposite of a path. This allows us to associate two groups with any
o of K. The first group is defined as the quotient set of the set of loops over o with respect to
the w-equivalence:
Λo := {p : o→ o }/ ∼w . (3.5)
The product is defined as [p]w · [q]w := [p ∗ q]w. We call this group the w-group of loops over o.
The second group is the subset of Λo defined by
Λlo := {[p]w ∈ Λ1(o) | ∃q ∈ [p]w such that |q| ⊆ o} , (3.6)
with the same product as Λo. In words Λ
l
o is the subset of those elements [p]w of Λo for which
there is at least one path in the equivalence class of [p]w whose support is contained in o. This
is a subgroup because composition of paths whose support is contained in o leads to a path
supported in o. We call Λlo the w-group of loops supported in o.
The next step is to prove that these groups form nets of discrete groups. Given an inclusion
o ≤ a, define
λao([p]w) := [(ao) ∗ p ∗ (ao)]w , [p]w ∈ Λ1(o) . (3.7)
Here (ao), as above, is the 1-simplex of the nerve associated with the inclusion o ≤ a; instead
(ao) is the opposite, in Σ1(K), of (ao) (see the preliminaries).
It is clear that λao : Λo → Λa. Moreover, it is easily seen from the definition that λao : Λ
l
o →
Λla. Now, for any [q]w, [p]w ∈ Λo we have
λao([p]w)λao([q]w) = [(ao) ∗ p ∗ (ao)]w · [(ao) ∗ q ∗ (ao)]w
= [(ao) ∗ p ∗ (ao) ∗ (ao) ∗ q ∗ (ao)]w
= [(ao) ∗ p ∗ q ∗ (ao)]w = λao([p ∗ q]w) ,
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because of property (3) of the definition of w-deformation. Moreover for any inclusion e ≤ o ≤ a
λao(λoe([p]w)) = [(ao) ∗ (oe) ∗ p ∗ (oe) ∗ (ao)]w = [(ae) ∗ p ∗ (ae)]w = λae([p]w) ,
for any [p]w ∈ Λe, because of property (2) of the definition of w-deformation. Finally if [p]w ∈ Λa,
then [(ao) ∗ p ∗ (ao)]w ∈ Λo for o ≤ a, and λao([(ao) ∗ p ∗ (ao)]w) = [p]w. This proves that
λao : Λo → Λa is group isomorphism making (Λ, λ)K a net bundle of discrete groups and
(Λl, λ)K a net of discrete groups.
Remark 3.3. In general the triple (Λl, λ)K is is not a net bundle. For, it is enough to consider
inclusions o, o˜ < a such that o and o˜ are not related. In this case one can easily construct
elements of Λla not belonging to the image of Λ
l
o by λao.
Assume that K has a symmetry group G. Extend the action of the symmetry group from
the poset K to the simplicial set Σ∗(K), and hence to paths, as done in §2.1 for morphisms of
posets. Note that p ∼w q if, and only if, gp ∼w gq for any g ∈ G. This is quite obvious from how
g is defined on paths. Therefore,
g∗([p]w) := [gp]w , [p]w ∈ Λo , (3.8)
is well defined, and g∗ : Λo → Λgo and g∗ : Λ
l
o → Λ
l
go are group isomorphisms. Moreover, given
o ≤ a we have
g∗(λao([p]w)) = g∗([(ao) ∗ p ∗ (ao)]w) = [g(ao) ∗ gp ∗ g(oa)]w = λg(ao)(g∗([p]w)) ,
for any [p]w ∈ Λo. Summing up, we have the following result.
Proposition 3.4. Let K be a poset.
(i) Then (Λ, λ)K and (Λ
l, λ)K are, respectively, a net bundle and a net of discrete groups with
a monomorphism i : (Λl, λ)K → (Λ, λ)K defined by the inclusions io : Λ
l
o → Λo.
(ii) If K has a symmetry group G, then i : (Λl, λ)K → (Λ, λ)K is a monomorphism of G-
covariant nets.
Proof. It is clear that the mapping i : Λlo → Λo defined by io([p]w) = [p]w, with [p]w ∈ Λ
l
o, is a
monomorphism. Moreover g∗ ◦ io([p]w) = [gp]w = igo([gp]w) = igo ◦ g∗([p]w) for any [p]w ∈ Λ
l
o.
This completes the proof.
3.2.2 Nets of C∗-algebras from nets of discrete groups
In the present section we make use of the functor assigning the group C∗-algebra to construct
nets of C∗-algebras starting from nets of discrete groups.
Let G be a discrete group and C∗(G) denote the (full) group C∗-algebra; this is a unital
C∗-algebra defined as the enveloping C∗-algebra of the convolution algebra ℓ1(G). The unital
∗-algebra C(G) of those functions f : G→ C which are a finite linear combination f =
∑
g f(g) δg
of Kronecker delta functions is a dense subset of ℓ1(G). In particular δg ∗ δh = δgh.
Given a group morphism σ : G→ H , for any f ∈ C(G) let
σ˜(f) :=
∑
f(g)δρ(g) .
This defines a morphism σ˜ : C(G) → C(H) in the ℓ1-norm. Moreover it is an isometry (iso-
morphism) when σ is injective (is an isomorphism). Therefore σ˜ lifts to a continuous morphism
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from ℓ1(G) into ℓ1(H). By the universality property of the enveloping C∗-algebra there exists a
unique morphism C∗(σ) : C∗(G)→ C∗(H) such that
C∗(σ) ◦ ιG = ιH ◦ σ˜ ,
where ι denotes the embedding of the ℓ1 algebra into the enveloping C∗-algebra. Therefore, the
mapping
C∗ : G 7→ C∗(G) , σ 7→ C∗(σ)
is a functor. When σ is a group isomorphism C∗(σ) is, clearly, a ∗-isomorphism, nevertheless we
are interested in the case where σ is simply a monomorphism, and for a locally compact group
C∗(σ) is not injective in general. On the other hand, assuming that G,H are discrete we find
that for every unitary representation π of G there is an isometry V ∈ (π, ind(π) ◦ σ), where
ind(π) is the representation of H induced by π 4 (see for instance [22]). By the definition of the
enveloping C∗-algebra, and the relation between the unitary representations of a locally compact
group and non degenerate representations of the ℓ1 algebra, C∗(σ) is a faithful ∗-morphism.
The functor C∗ allows one to construct in the obvious way a net of C∗-algebras (C∗(G),C∗())K ,
C∗(G)o := C
∗(Go), C
∗()o′o := C
∗(o′o), o ≤ o
′ ∈ K, starting from the net of discrete groups
(G, )K . Clearly, (C
∗(G),C∗())K is a net bundle when (G, )K is a net bundle, and this yields
the following result.
Proposition 3.5. Given a poset K, let (Λl, λ)K and (Λ, λ)K be the net of discrete groups defined
in §3.2.1. Then (C∗(Λl),C∗(λ))K and (C
∗(Λ),C∗(λ))K are respectively a net of C
∗-algebras and
a C∗-net bundle, and
C∗(i) : (C∗(Λl),C∗(λ))K → (C
∗(Λ),C∗(λ))K
is a unital monomorphism. If K has a symmetry group G, then all the above nets and morphisms
are G-covariant.
Proof. The first assertion follows as C∗ is a functor. In a similar fashion, to prove covariance we
note that by Prop.3.4 the two nets of groups are G-covariant, and, given g ∈ G, define
cg := C
∗(g∗) : C∗(Λ)o → C
∗(Λ)go
where g∗ : Λo → Λgo is defined in (3.8). It is easily verified that this makes our nets G-covariant,
as desired.
Remark 3.6. With the applications to algebraic quantum field theory in mind, this is a promis-
ing result: it allows us to construct nontrivial examples of covariant nets of C∗-algebras over any
spacetime, taking as poset a suitable base of neighbourhoods for the topology of the spacetime
encoding the causal structure and the global symmetry of the spacetime, as indicated in the
preliminaries. However, this result, as it stands, is not complete. First, the above nets are not
causal. Secondly, if G is a continuous symmetry for the poset (2.1), then the action of G on the
net of C∗-algebras defined in Prop.3.5 is not continuous according to the definition given in §3.1.
This is so because w-equivalence, used to define the groups of loops, is weaker than homotopy
equivalence. We will fill these gaps in a forthcoming paper [16].
4We are grateful with A. Valette for drawing our attention to this fact, and to a counterexample when the
group involved are not discrete.
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3.3 The holonomy dynamical system
We now focus on net bundles. We shall see that the fibres of a net bundle are acted upon by the
homotopy group of the poset. This in turns will lead to an equivalence between the category of
net bundles over a poset and that of πo1(K)-dynamical systems for any o ∈ K. We shall work
using morphisms over different posets, a scenario that will appear in the forthcoming paper [41]
and is useful in generally locally covariant field theory ([14]).
We start by making some preliminary definitions. Let (A, G, α) and (B, H, β) be C∗-dynamical
systems; a morphism from (A, G, α) to (B, H, β) is pair (η, p) where η : A→ B is a ∗-morphism
and p : G→ H is a group morphism satisfying the relation
η ◦ αg = βp(g) ◦ φ , g ∈ G . (3.9)
We say that (η, f) is an isomorphism when η is a ∗-isomorphism and f is a group isomorphism.
When G = H we shall denote morphisms of the form (η, idG) by η.
Now, consider a net bundle (A, )K and define
b := ∂0b|b| ◦ |b|∂1b , b ∈ Σ1(K) , (3.10)
where ∂0b|b| := 
−1
|b|∂0b
. Since the inclusion maps are isomorphisms, we have a field
Σ1(K) ∋ b→ b ∈ Iso(A∂1b,A∂0b) ,
satisfying the 1-cocycle equation
∂0c ◦ ∂2c = ∂1c , c ∈ Σ2(K) , (3.11)
where Iso(A∂1b,A∂0b) is the set of
∗-isomorphisms from A∂1b to A∂0b. Extend this 1-cocycle from
1-simplices to paths by setting p := bn ◦ · · · ◦ b2 ◦ b1 for any path p := bn ∗ · · · ∗ b2 ∗ b1. Then
the 1-cocycle equation implies homotopy invariance, that is, p = q whenever p ∼ q (see [39]).
In this way, fixing an element o of K and defining A∗ := Ao yields the action
∗ : π
o
1(K)→ AutA∗ , ∗,[p] := p , [p] ∈ π
o
1(K) . (3.12)
We call (A∗, π
o
1(K), ∗) the holonomy dynamical system associated with the net bundle (A, )K .
A different choice of the base element o leads to an isomorphic dynamical system. If (φ, f) :
(A, )K → (B, ı)S is a morphism, there is an induced morphism f∗ : π
o
1(K) → π
f(o)
1 (S), and
defining
(φ∗, f∗) : (A∗, π
o
1(K), ∗)→ (B∗, π
f(o)
1 (S), ı∗) , φ∗ := φo ,
yields a morphism of dynamical systems, in fact
φ∗ ◦ ∗,[p] = φo ◦ p = ıf∗(p) ◦ φo = ı∗,f∗[p] ◦ φ∗ .
Remark 3.7. Just a comment on the terminology: as said before, a net bundle can be seen
as a fibre bundle over the underlying poset; the fibre over o is nothing but the algebra Ao, and
the inclusion maps  define a connection of the fibre bundle. So, for any loop p over o, the
automorphism p is the parallel transport along p for the connection , i.e., the holonomy.
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Now, we want to prove that the mapping
(A, )K 7→ (A∗, π
o
1(K), ∗) (3.13)
is bijective up to isomorphism. Thus we have to find an inverse (up to isomorphism). To this
end, we fix a path frame Po := {p(a,o), a ∈ K} over o ∈ K (see §2.2) and, given the dynamical
system (A, πo1(K), α), define
α∗,a˜a := α[p(o,a˜)∗(aa˜)∗p(a,o)] ∈ AutA , a ≤ a˜ , (3.14)
where, by convention, p(o,a˜) denotes the opposite p(a˜,o) of p(a˜,o). Observe that
α∗,a˜a ◦ α∗,ae = α[p(o,a˜)∗(a˜a)∗p(a,o)] ◦ α[p(o,a)∗(ae)∗p(e,o)] = α[p(o,a˜)∗(a˜a)∗p(a,o)∗p(o,a)∗(ae)∗p(e,o)]
= α[p(o,a˜)∗(a˜a)∗(ae)∗p(e,o)] = α[p(o,a˜)∗(a˜e)∗p(e,o)]
= α∗,a˜e ,
where we have used the homotopy equivalence of the paths involved. So (A∗, α∗)K , where A∗ is
the constant assignment A∗,a := A for any a ∈ K, is a C
∗-net bundle. We call (A∗, α∗)K the
net bundle associated with the dynamical system (A, πo1(K), α). It is easily seen that a different
choice of path frame leads to isomorphic net bundles.
Passing to the level of morphisms requires more attention. Consider a poset morphism
f : K → S. Take a path frame Po in K, and choose, in S a path frame P
′
f(o) := {q(a′,f(o)), a
′ ∈ S}
whose elements satisfy the condition
q(f(a),f(o)) = f(p(a,o)) , a ∈ K .
So, this path frame is an extension of the image f(Po) of Po to S. Such an extension exists
since no other restriction is imposed on a path frame but that q(f(o),f(o)) be homotopic to the
degenerate 1-simplex σ0f(o). Since q(f(o),f(o)) = f(p(o,o)), this condition is automatically fulfilled
because poset morphisms preserve homotopy equivalence (see §2.2).
Given a morphism (η, f∗) : (A, π
o
1(K), α)→ (B, π
f(o)
1 (S), β) of dynamical systems, we con-
struct the net bundle (B∗, β∗)S using P
′
f(o) as above
5. Define η∗,a := η, ∀a ∈ K, giving
η∗,a˜ ◦ α∗,a˜a = η ◦ α[p(o,a˜)∗(a˜a)∗p(a,o)] = βf∗[p(o,a˜)∗(a˜a)∗p(a,o)] ◦ η = β∗,f(a˜)f(a) ◦ η∗,a .
Thus η∗ is a morphism of net bundles. We are ready to prove that the mapping
(A, πo1(K), α) 7→ (A∗, α∗)K (3.15)
is, up to isomorphism, the inverse of (3.13). This amounts to showing that the dynamical system
(A, πo1(K), α) and the net bundle (A, )K are, respectively, isomorphic to the dynamical system
(A∗∗, π
o
1(K), α∗∗) and to the net bundle (A∗∗, ∗∗)K defined with respect to a fixed pole o and
to a fixed path frame Po of K. In the first case, by construction we have A∗∗ = A∗,a ≡ A for all
a ∈ K, and, for any loop q over o of the form q = bn ∗ · · · ∗ b1,
α∗∗,[q] = α∗,q = α[p(o,∂0bn)∗bn∗p(∂1bn,o)∗···∗p(o,∂0b1)∗b1∗p(∂1b1,o)] = α[p(o,o)∗q∗p(o,o)] = α[q] ,
thus (A∗∗, π
o
1(K), α∗∗) = (A, π
o
1(K), α). In the second case, we define the family of
∗-isomorphisms
τa := p(o,a) : Aa → Ao , a ∈ K ; (3.16)
5We consider only morphisms of the form (η, f∗) where f∗ is the extension of a poset morphism f : K → S to
the corresponding homotopy groups. This suffices for our purpose.
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to prove that τ defines an isomorphism τ : (A, )K → (A∗∗, ∗∗)K , we compute
τa ◦ ae = p(o,a)∗(ae) = p(o,a)∗(ae)∗p(e,o) ◦ p(o,e) = ∗,[p(o,a)∗(ae)∗p(e,o)] ◦ p(o,e) = ∗∗,ae ◦ τe ,
and this shows that τ preserves the net structures, as desired. Thus we have proved:
Proposition 3.8. There exists a correspondence, bijective up to isomorphism, between net bun-
dles over a poset and dynamical systems having as group the first homotopy group of the poset. In
particular, the category of net bundles over K with morphisms (φ, idK) is equivalent to the cat-
egory of C∗-dynamical systems with group πo1(K), for some o ∈ K, with morphisms (η, idπo1(K)).
Proof. The first part of the statement has already been proved. The second part, the categorical
equivalence, follows directly from the above calculations.
The preceding analysis has a wider scope than that indicated in Prop. 3.8. In algebraic
quantum field theory one deals with nets of C∗-algebras over a poset associated with a fixed
spacetime. Thus considering morphisms of nets between different posets means dealing with nets
defined over different spacetimes. This is part of the more general framework of the generally
locally covariant quantum field theories [14]. However, this topic would lead us too far from the
mainline of the paper.
Corollary 3.9. If K is simply connected then any net bundle (A, )K is trivial.
Proof. If K is simply connected then πo1(K) is trivial and hence only trivial π
o
1(K)-actions occur.
On the other hand, by construction, the net bundle associated with a dynamical system with
trivial action is clearly trivial.
The above result applies analogously to other categories than that of C∗-algebras, for example,
the category of Hilbert spaces or topological groups.
Example 3.10. Let f : πo1(K) → G be a continuous group morphism (here π
o
1(K) has the
discrete topology). If (A, G, α) is a dynamical system, then there is an induced net bundle
(A∗, (α ◦ f)∗)K . In particular:
(i) The unitary group U(d), d ∈ N, acts on the Cuntz algebra Od, thus every unitary repre-
sentation of πo1(K) induces a net bundle with fibre Od.
(ii) Let (V, ω) be a symplectic space and f : πo1(K) → Aut(V, ω) a group morphism. Since
the symplectic group Aut(V, ω) acts by automorphisms on the Weyl algebra W(V,ω), we
conclude that f defines a net bundle with fibre W(V,ω).
3.4 The enveloping net bundle and injectivity
As we saw in the previous section net bundles can be efficiently classified in terms of dynamical
systems and contain interesting geometric informations, thus it is of interest to characterize those
nets of C∗-algebras admitting an embedding into a C∗-net bundle. In a certain sense, this is a
slight generalization of the problem of characterizing those nets admitting an embedding into a
single C∗-algebra, as for example the Fredenhagen universal algebra [23]. In the present section
we shall show that any net of C∗-algebras embeds into a unique C∗-net bundle: the enveloping
net bundle. We then define to be injective those nets having a faithful embedding into the
enveloping net bundle.
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Let (A, )K denote a net of C
∗-algebras. Given o ∈ K, we let Ao be the free unital algebra
generated by the set of symbols
{ (p,A) | ∂0p = o , A ∈ A∂1p } . (3.17)
This is indeed a ∗-algebra: the adjoint is defined on generators by
(p,A)∗ := (p,A∗) , (3.18)
and extended by anti- multiplicativity and anti- linearity to all of Ao.
We now add some additional relations. The first set of relations are of algebraic nature :
(p,A) · (p,B) = (p,AB) (3.19)
(p,A+B) = (p,A) + (p,B) (3.20)
(p,1) = 1 , (p, 0) = 0 , (3.21)
which hold for any path p and A,B ∈ A∂1p. The next two relations encode the net structure
and the topology of the poset. The first one is isotony: given a˜ ≥ a,
(p, a˜a(A)) = (p ∗ (a˜a), A) , (3.22)
for any path p : a˜→ o and A ∈ Aa. The second is homotopy invariance: if p ∼ q then
(p,A) = (q, A) . (3.23)
With an abuse of notation, we again denote the ∗-algebra obtained by imposing these additional
relations by Ao
6.
Now, we want to make the family {Ao} into a net. To this end, given o ≤ o˜, we define
o˜o(p,A) := ((o˜o) ∗ p,A) , (p,A) ∈ Ao , (3.24)
and extend it by multiplicativity and linearity to all of Ao. It is easily seen that o˜o : Ao → Ao˜
is a well defined ∗-morphism, which, by homotopy invariance, is invertible. Moreover, given
o ≤ o˜ ≤ e and (p,A) ∈ Ao, by homotopy invariance we have
eo˜ ◦ o˜o(p,A) = eo˜((o˜o) ∗ p,A) = ((eo˜) ∗ (o˜o) ∗ p,A) = ((eo) ∗ p,A) = eo(p,A) .
This proves that (A, )K is a net bundle of
∗-algebras.
We now introduce a norm making (A, )K a C
∗-net bundle. Given o ∈ K, for any W ∈ Ao,
we define
‖W‖ := sup
π
‖πo(W )‖ , (3.25)
where the sup is taken over the set of morphisms π : (A, )K → (B, ı)K taking values in C
∗-
net bundles. If ‖W‖ = 0 then for every π and o˜ ≥ o we have ‖πo(W )‖ = ‖ıo˜o ◦ πo(W )‖ =
‖πo˜ ◦ o˜o(W )‖; thus ‖o˜o(W )‖ = 0 and ‖·‖ is well-defined with respect to the inclusion maps o˜o.
Clearly ‖ · ‖ is a seminorm for Ao. The completion of the quotient of Ao by the ideal of null
elements, is a C∗-algebra that, with an abuse of notation, we again denote by Ao. This yields a
C∗-net bundle (A, )K that we call the enveloping net bundle of (A, )K .
6We note the close relation between the algebra Ao and the fundemantal group of a complex of groups (cfr.
[29])
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Proposition 3.11. Given a net (A, )K of C
∗-algebras there is a unital morphism
ǫ : (A, )K → (A, )K ,
satisfying the following properties:
(i) let (ϕ, h), (θ, h) be a pair of morphisms from the enveloping net bundle to a C∗-net bundle,
if (ϕ, h) ◦ ǫ = (θ, h) ◦ ǫ, then ϕ = θ;
(ii) for any morphism (ψ, f) from (A, )K into a C
∗-net bundle (B, ı)S there is a unique mor-
phism (ψ↑, f) : (A, )K → (B, ı)S such that (ψ, f) = (ψ
↑, f) ◦ ǫ.
Proof. Given o ∈ K, let
ǫo(A) := (ιo, A) , A ∈ Ao , (3.26)
where ιo is the trivial loop over o. Properties (3.19,3.20, 3.21) imply that ǫo : Ao → Ao is a
unital ∗-morphism. Moreover, for o˜ ≤ o and A ∈ Ao˜ we have
ǫo ◦ oo˜(A) = (ιo, oo˜(A)) = (ιo ∗ (oo˜), A) = ((oo˜), A) = oo˜(ιo˜, A) = oo˜ ◦ ǫo˜(A) ,
where isotony and homotopy invariance have been used. Thus the collection ǫ := {ǫo, o ∈ K}
is a unital morphism from (A, )K into (A, )K . Since, for any morphism π from (A, )K into a
C∗-net bundle, the composition π◦ǫ is a morphism from (A, )K into a C
∗-net bundle, ‖ǫo(A)‖ =
supπ ‖πo ◦ ǫo(A)‖ ≤ supπ ‖πo(A)‖ = ‖A‖, so ǫo extends by continuity to all of Ao proving the
first part of the statement.
(i) Let (ϕ, h), (θ, h) : (A, )K → (C, y)P be a pair of morphisms as in the statement, where
(C, y)P is a C
∗-net bundle. Given o ∈ K, let p : a → o and A ∈ Aa. Using the definition of ǫ,
and of the inclusion maps (3.24),
ϕo(p,A) = (ϕo ◦ p)(ιa, A) = (yh(p) ◦ ϕa)(ιa, A)
= (yh(p) ◦ ϕa ◦ ǫa)(A) = (yh(p) ◦ θa ◦ ǫa)(A) = θo(p,A) .
So ϕo = θo because they coincide on the generators of Ao.
(ii) Given a morphism (ψ, f) : (A, )K → (B, ı)S, where (B, ı)S is a C
∗-net bundle, define
(ψ↑, f) on the generators of Ao as follows,
ψ↑o(p,A) := ıf(p) ◦ ψa(A) , A ∈ Aa . (3.27)
It easily follows from this definition that ψ↑o preserves isotony and homotopy invariance, and that
ψ↑o(p,A) ∈ Bf(o) since ψa : Aa → Bf(a). Extend ψ
↑
o by multiplicativity and linearity to all of Ao.
Note that
ψ↑o ◦ oo˜(q, A) = ψ
↑
o((oo˜) ∗ q, A) = ıf((oo˜)∗q) ◦ ψa(A)
= ıf(o)f(o˜) ◦ ıf(q) ◦ ψa(A) = ıf(o)f(o˜) ◦ ψ
↑
o˜(q, A) ;
moreover, ψ↑o ◦ǫo(A) = ψ
↑
o(ιo, A) = ψo(A). Uniqueness follows from (i), completing the proof.
In the following we shall refer to the morphism ǫ : (A, )K → (A, )K defined by equation
(3.16) as the canonical embedding of the net into its enveloping net bundle, and to Prop. 3.11 as
the universal property of the enveloping net bundle. This property characterizes the enveloping
net bundle up to isomorphism. In particular, it implies that any C∗-net bundle is isomorphic to
its enveloping net bundle.
It is clear from the definition that the enveloping net bundle of a net may vanish, i.e., the
seminorm (3.25) may be zero for every W . On these grounds we introduce the following termi-
nology.
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Definition 3.12. We say that a net of C∗-algebras is degenerate if its enveloping net bundle
vanishes, and is nondegenerate otherwise. A nondegenerate net of C∗-algebras is injective if
the canonical embedding is a monomorphism.
Injectivity is the central notion of the present paper. As we shall see in §4.2, injectivity for
a net of C∗-algebras turns out to be equivalent to the existence of faithful representations. So
from now on our main task shall be to understand what conditions on a net are necessary or
sufficient for injectivity.
The next result shows that the enveloping net bundle is the object that we were looking for:
an object uniquely associated with a net of C∗-algebras which takes into account the topology
of the poset and reduces, in the simply connected case, to the universal algebra defined by
Fredenhagen.
Lemma 3.13. Given a net (A, )K . If K is simply connected, then there is a canonical isomor-
phism
ρ : (A, )K → (A
t, t)K ,
where (At, t)K is the trivial net with fibre Fredenhagen’s universal C
∗-algebra Au. In particular,
if K is upward directed Au is isomorphic to the C∗-inductive limit of (A, )K .
Proof. K being simply connected, ρ is defined at the ∗-algebraic level observing that: (1) the
generators of Ao are the same as the generators of A
u, since (p,A) = (q, A) for any pair of paths
p, q : a→ o; (2) the relations (3.19)-(3.22) are the same as those defining Au (see [23]).
Remark 3.14. Let G be a symmetry group for K and (A, )K a G-covariant net (see §3.1).
Define, for any p : a→ o and A ∈ Aa,
αgo(p,A) := (gp, α
g
a(A)) , g ∈ G . (3.28)
Then it is easily seen that α yields an action on (A, )K , making it G-covariant, and that ǫ is a
G-covariant morphism. Furthermore, assume that G is a continuous symmetry group of K (in
the sense of (2.1)), and that the action α of G on (A, )K is continuous (see §3.1). The action α
of G on the enveloping net bundle is continuous too. It is enough to prove this on the generators
of the fibres of the enveloping net bundle. Consider a net {gλ} converging to the identity of the
group G. Given o, let o˜ > o. For any p : a → o and A ∈ Aa we have, using (p,A) = p ◦ ǫa(A)
and (3.28),
‖oˆ gλo ◦ α
gλ
o (p,A)− oˆ o ◦ (p,A)‖ =‖oˆ gλo ◦ α
gλ
o ◦ p ◦ ǫa(A)− oˆ o ◦ p ◦ ǫa(A)‖
=‖oˆ gλo ◦ gp ◦ α
gλ
a ◦ ǫa(A)− oˆ o ◦ p ◦ ǫa(A)‖
=‖oˆ gλo ◦ gp ◦ ǫgλa ◦ α
gλ
a (A)− oˆ o ◦ p ◦ ǫa(A)‖ .
Now, take aˆ > a. Since gλa are eventually smaller than aˆ, using the above relation we have
‖oˆ gλo◦α
gλ
o (p,A)− oˆ o ◦ (p,A)‖ =
= ‖oˆ gλo ◦ gp ◦ ǫgλa ◦ α
gλ
a (A) − oˆ o ◦ p ◦ ǫa(A)‖
= ‖(oˆ,gλo)∗gp∗(aˆ,gλa) ◦ aˆ gλa ◦ ǫgλa ◦ α
gλ
a (A) − (oˆ,o)∗p∗(aˆ,a) ◦ aˆ a ◦ ǫa(A)‖
= ‖(oˆ,gλo)∗gp∗(aˆ,gλa) ◦ ǫaˆ ◦ aˆ gλa ◦ α
gλ
a (A)− (oˆ,o)∗p∗(aˆ,a) ◦ ǫaˆ ◦ aˆ a(A)‖ .
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By continuity of the G-action on K (see (2.1)), the paths (oˆ, gλo)∗gp∗(aˆ, gλa) and (oˆ, o)∗p∗(aˆ, a)
are homotopic. So that
‖oˆ gλo◦α
gλ
o (p,A)− oˆ o ◦ (p,A)‖ =
= ‖(oˆ,o)∗p∗(aˆ,a) ◦ ǫaˆ ◦ aˆ gλa ◦ α
gλ
a (A)− (oˆ,o)∗p∗(aˆ,a) ◦ ǫaˆ ◦ aˆ a(A)‖
≤ ‖aˆ gλa ◦ α
gλ
a (A) − aˆ a(A)‖ ,
which goes to zero as gλ → e because of the continuity of α. This proves that α is continuous.
We have just seen that if a net is covariant then the enveloping net bundle is covariant too.
A property of a net not in general inherited by the enveloping net bundle is causality. This is
clear from the definition, since all fibres of the net are involved in defining a single fibre of the
enveloping net bundle.
We conclude by showing the stability of injectivity under morphisms faithful on the fibres
(see §3.1), and the functoriality of the enveloping net bundle.
Proposition 3.15. The following assertions hold.
(i) To any morphism (π, f) : (A, )K → (B, ı)P there corresponds a morphism (π, f) : (A, )K →
(B, ı)P satisfying
(π, f) ◦ ǫ = ǫ˜ ◦ (π, f) , (3.29)
where ǫ and e˜ are, respectively, the canonical embeddings of the nets (A, )K and (B, ı)P
into the corresponding enveloping net bundles. If (π, f) is faithful on the fibres and (B, ı)P
is injective, then (A, )K is injective too.
(ii) Assigning the enveloping net bundle yields a functor from the category of net of C∗-algebras
to the category of C∗-net bundles.
Proof. (i) Given o ∈ K, define
(π, f)o(p,A) := (f(p), πa(A)) , (p,A) ∈ Ao . (3.30)
Clearly (π, f)o(p,A) ∈ Bf(o). To prove that (3.30) is well defined, we consider a ≤ a˜ and compute
(π, f)o(p ∗ (a˜a), A) = (f(p ∗ (a˜a)), πa(A)) = (f(p) ∗ f(a˜a), πa(A))
= (f(p), ıf(a˜)f(a) ◦ πa(A)) = (f(p), πa˜ ◦ a˜a(A))
= (π, f)o(p, a˜a(A)) ;
thus (3.30) is well-defined at the level of isotony. Passing to homotopy invariance, we note
that if p, q : a → o are homotopic then f(p) is homotopic to f(q), and we have (f(p), πa(A)) =
(f(q), πa(A)). This proves that (3.30) is well posed. If o ≤ o˜, then by homotopy invariance
ıf(o˜)f(o) ◦ (π, f)o(p,A) = ((f(o˜)f(o)) ∗ f(p), πa(A)) = (f∗(o˜o) ∗ p, πa(A))
= (π, f)o˜((o˜o) ∗ p,A) = (π, f)o˜ ◦ o˜o(p,A) .
Observing that
(π, f)o ◦ ǫo(A) = (π, f)o(ιo, A) = (ιf(o), πo(A)) = ǫ˜f(o)(πo(A)) = ǫ˜f(o) ◦ (π, f)o(A) ,
for any o and A ∈ Ao, equation (3.29) follows. Finally, if (π, f) is faithful on the fibres and
(B, ı)P is injective, the r.h.s. of the above equation is the composition of faithful morphisms for
any o; so, ǫ is a monomorphism. (ii) Clearly (π′ ◦ π, f′ ◦ f) = (π′, f′) ◦ (π, f), and this concludes
the proof.
This proposition and Prop.3.5 imply that the net (C∗(Λl),C∗(λ))K , given in §3.2.2, is injec-
tive.
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4 States and representations
We study states and representations of nets of C∗-algebras providing sufficient conditions for the
existence of states (representations), and of invariant states (covariant representations) when the
poset is endowed with a symmetry group. Furthermore, we show that for a net of C∗-algebras,
injectivity is equivalent to the existence of faithful representations. Aspects of the decomposition
of representations are studied in Appendix A.
4.1 States
We relate states of a C∗-net bundle to those of the corresponding holonomy dynamical system.
This will allow us to prove that, when the homotopy group of the underlying poset is amenable,
any nondegenerate net has states, which are invariant whenever the net is covariant under an
amenable symmetry group.
A state of a net of C∗-algebras (A, )K is a family ω := {ωo , o ∈ K}, where ωo is a state of
the C∗-algebra Ao, fulfilling the relation
ωo = ωa ◦ ao , o ≤ a . (4.1)
We shall denote the set of states of (A, )K by S(A, )K .
It is easily seen that if (φ, f) : (B, ı)P → (A, )K is a unital morphism and ω is a state of
(A, )K , then the composition ω ◦ φ defined by
(ω ◦ φ)o = ωf(o) ◦ φo , o ∈ P , (4.2)
yields a state of the net (B, ı)P . Another property easy to verify is the following. When (A, )K
is a C∗-net bundle then, by (4.1)
ωa = ωo ◦ p , p : a→ o . (4.3)
Our first result relates states of a C∗-net bundle to invariant states of the corresponding holonomy
dynamical system.
Lemma 4.1. The set of states of a C∗-net bundle is in one-to-one correspondence with the set
of invariant states of the associated holonomy dynamical system.
Proof. Consider the holonomy dynamical system (A∗, π
o
1(K), ∗) defined with respect to o ∈ K
(3.12). Let ω be a state of a C∗-net bundle (A, )K . Then ω∗ := ωo is an invariant state of
(A∗, π
o
1(K), ∗). In fact by (4.3) we have that
ω∗ ◦ ∗,[p] = ωo ◦ ∗,[p] = ωo ◦ p = ωo = ω∗ ,
for any [p] ∈ πo1(K). Conversely, let ϕ be an invariant state of (A∗, π
o
1(K), ∗). Take a path frame
Po := {p(a,o), a ∈ K} and define a state on the associated net bundle (A∗∗, ∗∗)K (see §3.3) by
ϕ∗,a := ϕ ◦ ∗∗,p
(3.14)
= ϕ ◦ ∗,[p(o,o)∗p∗p(a,o)] = ϕ ◦ ∗,[p∗p(a,o)] , a ∈ K ,
for some path p : a→ o, where the fact that p(o,o) is homotopic to the trivial loop over o has been
used. Since ϕ is ∗-invariant for every q : a → o we have ϕ∗,a = ϕ ◦ ∗∗,p = ϕ ◦ ∗∗,p∗q ◦ ∗∗,q =
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ϕ ◦ ∗∗,q, so that the family ϕ∗ := {ϕ∗,a} is well-defined (note in particular that ϕ∗,o = ϕ). For
the same reason we have
ϕ∗,a ◦ ∗∗,aa˜ = ϕ ◦ ∗∗,p ◦ ∗∗,aa˜ = ϕ ◦ ∗∗,p∗(a,a˜) = ϕ∗,a˜
for any a˜ ≤ a, thus ϕ∗ ∈ S(A∗∗, ∗∗)K . Composing ϕ∗ with the isomorphism τ : (A, )K →
(A∗∗, ∗∗)K defined by the equation (3.16) yields a state of (A, )K .
Finally, we prove that these mappings are the inverse of one another. Given a state ω of
(A, )K , we have
(ω∗∗ ◦ τ)a = ω∗∗,a ◦ τa = ω∗ ◦ ∗∗,p ◦ τa = ω∗ ◦ τo ◦ p = ωo ◦ p = ωa ,
for some path p : a → o, where we have used the fact that τo = ido (see definition 3.16)
and the equation (4.3). Conversely, if ϕ is a state of the holonomy dynamical system, then
(ϕ∗ ◦ τ)∗ = (ϕ∗ ◦ τ)o = ϕ∗,o ◦ τo = ϕ∗,o, because, as observed above, ϕ∗,o = ϕ completing the
proof.
We now are ready to give the main result on the existence of states for nets of C∗-algebras.
Proposition 4.2. Let K be a poset with amenable homotopy group. Then any nondegenerate
net of C∗-algebras over K has states.
Proof. Since a nondegenerate net as a nonvanishing enveloping net bundle it is enough, by (4.2),
to prove the statement when (A, )K is a C
∗-net bundle. This follows by the previous lemma,
since any C∗-dynamical system with an amenable group has invariant states.
Let now (A, , α)K be a G-covariant net. A state ϕ ∈ S(A, )K is said to be G-invariant
whenever
ϕgo ◦ α
g
o := ϕo , ∀o ∈ K , g ∈ G .
The next result gives conditions for the existence of G-invariant states.
Proposition 4.3. Let G be an amenable group. Then the following assertions hold:
(i) Any G-covariant C∗-net bundle having states has G-invariant states.
(ii) If the fundamental group of K is amenable, then any nondegenerate G-covariant net over
K has G-invariant states.
Proof. (i) Let (A, , α)K be a G-covariant C
∗-net bundle and ω ∈ S(A, )K . For any o ∈ K and
A ∈ Ao, define
fAo (g) := ωgo ◦ α
g
o(A) , g ∈ G .
It is clear that fAo ∈ L
∞(G) for any o ∈ K and A ∈ Ao. Moreover the mapping Ao ∋ A→ f
A
o ∈
L∞(G) is linear and positive. We also note that the following two relations hold:
f
ao(A)
a = fAo , o ≤ a , (∗)
f
αho (A)
ho = (f
A
o )h , h ∈ G , (∗∗)
where (fAo )h means the right translation of f
A
o by h. In fact, for any A ∈ Ao and g ∈ G we have
f ao(A)a (g) = ωga(α
g
a(ao(A)) = ωga(ga go(α
g
o(A)) = ωgo(α
g
o(A)) = f
A
o (g) ,
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proving (∗). Moreover, for any A ∈ Ao and g, h ∈ G we have
f
αho (A)
ho (g) = ωgho(α
g
ho(α
h
o (A)) = ωgho(α
gh
o (A)) = f
A
o (gh) = (f
A
o )h(g) ,
proving (∗∗). Now, let µ be a right invariant mean over L∞(G). Define
ϕo(A) := µ(f
A
o ) , A ∈ Ao ;
this is a state over Ao. Moreover, the collection ϕ := {ϕo , o ∈ K} is a G-invariant state of
(A, )K , in fact by the relation (∗) ϕo ◦ oa(A) = µ(f
oa(A)
o ) = µ(fAo ) = ϕo(A). On the other
hand, by the relation (∗∗) it follows that
ϕho ◦ α
h
o (A) = µ(f
αho (A)
ho ) = µ((f
A
o )h) = µ(f
A
o ) = ϕo(A) ,
where the invariance of µ has been used.
(ii) Since πo1(K) is amenable, by Proposition 4.2 the enveloping net bundle (A, )K has states.
Applying Rem.3.14 we conclude that (A, )K is G-covariant with an action α satisfying
αgo ◦ ǫo = ǫgo ◦ α
g
o , ∀o ∈ K , g ∈ G .
Applying (i), we conclude that (A, , α)K has an invariant state ϕ, thus defining ϕo := ϕo ◦ ǫo,
for any o ∈ K, yields an invariant state of (A, )K .
4.2 Representations
We now study representations of nets of C∗-algebras. We relate representations of a C∗-net bundle
to those of the corresponding holonomy dynamical system, and representations of a net to those
of the enveloping net bundle. This leads to the equivalence between injectivity and existence of
faithful representations. Injective nets defined over a poset with amenable fundamental group,
and an amenable symmetry group, have covariant representations. We also characterize those
nets having Hilbert space representations and those nets having a trivial enveloping net bundle.
Let (A, )K be a net of C
∗-algebras. A representation of (A, )K is a pair (π, U), where π is
a family of Hilbert space representations πo : Ao → B(Ho), o ∈ K and U is a family of unitaries
Uao : B(Ho)→ B(Ha), o ≤ a, called inclusion operators, such that
Uao ∈ (πo, πa ◦ ao) , o ≤ a , (4.4)
and
Uea Uao = Ueo , o ≤ a ≤ o . (4.5)
The representation (π, U) is said to be faithful if πo is a faithful representation of Ao for any
o ∈ K. A Hilbert space representation of (A, )K is a representation of the form (π, 1) (here
we assume that every Hilbert space Ho, o ∈ K, coincides with a fixed Hilbert space H whose
identity is denoted by 1).
Remark 4.4. In the context of the algebraic quantum field theory a representation of a net
of C∗-algebras usually means what we call a Hilbert space representation. The first time a
representation, in the sense of the present paper, appeared was in [21]; the reconstruction of a
state of an algebra associated to a region of a spacetime from a family of states of its subregions
yielded a collection of representations and unitary operators satisfying the above relations. This
structure has been promoted to the roˆle of a representation of a net of C∗-algebras in [12] (and
called a unitary net representation) where its topological content was analyzed and where, in
particular, its roˆle in the description of charges induced by the topology of a spacetime was
pointed out.
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With the above notation, it is easily seen that Uoo = 1o for any o ∈ K. Since unitaries U are
invertible, we define Uoa := U
∗
ao for any o ≤ a. Note that the pair (H, U)K , H := {Ho}, defines
a Hilbert net bundle, and (4.4), (4.5) imply that (π, U) yields a morphism
π : (A, )K → (BH, adU)K , (4.6)
where (BH, adU)K is the net bundle with fibres B(Ho), o ∈ K, with inclusion maps adUao, o ≤ a,
defined by the adjoint action. So a representation can be seen as a morphism from the given net
to the C∗-net bundle defined by a Hilbert net bundle. Both the concrete C∗-net bundle and the
Hilbert net bundle are trivial in the case of Hilbert space representations.
An intertwiner between two representations (π, U) and (π′, U ′) of (A, )K is a family of
bounded linear operators T := {To : Ho → H
′
o , o ∈ K} such that To ∈ (πo, π
′
o), and
To Uoa = U
′
oa Ta , a ≤ o . (4.7)
When all To are unitaries we shall say that T is a unitary intertwiner. Two representations
(π, U) and (π′, U ′) are equivalent if they have a unitary intertwiner. A representation is said to
be topologically trivial whenever it is equivalent to a Hilbert space representation (the motivation
of this terminology will soon be clear). Finally, a representation (π, U) is said to vanish whenever
πa(A) = 0 for any a ∈ K and A ∈ Aa.
We can always assume that a representation (π, U) is defined on a fixed Hilbert space (see
[12] for details). For any 1-simplex b define Ub := U∂0b|b| U|b|∂1b, so we have a unitary Ub : H∂1b →
H∂0b. Extend U from 1-simplices to paths in the usual way,
Up := Ubn · · · Ub2 Ub1 , p = bn ∗ · · · b2 ∗ b1 . (4.8)
Afterwards, fix a path frame Po and define π
′
a(·) := Up(o,a) πa(·)Up(a,o) with a ∈ K (note that
π′o = πo) and U
′
ae := Up(o,a) Uae Up(e,o) with a ≤ e. Then the pair (π
′, U ′) defines a representation
of the net (A, ) into a fixed Hilbert space; the family Ta := Up(o,a) , with a ∈ K, is a unitary
intertwiner from (π, U) to (π′, U ′). On these grounds, unless otherwise stated, we assume from
now on that all representations are defined on a fixed Hilbert space.
The topological content of a representation (π, U) can be easily seen by considering the asso-
ciated Hilbert net bundle (H, U). The same reasoning used in defining the holonomy dynamical
system (§3.3), yields a group morphism
U∗ : π
o
1(K)→ U(H) (4.9)
where U(H) is the group of unitary operators of the Hilbert space H. Explicitly, one extends
U to simplices as above and observes that the mapping U : Σ1(K) → Ub ∈ B(H) satisfies the
1-cocycle relation U∂0c U∂2c = U∂1c for any 2-simplex c. So U , in turn, defines a representation
U∗ of the fundamental group of K. We shall call U∗ the holonomy representation associated with
(π, U).
We list the following results from [12], which can be proved as in §3.3:
(i) If two representations are equivalent then the corresponding representations of π1(K) are
equivalent.
(ii) If K is simply connected then any representation is equivalent to a Hilbert space represen-
tation.
These two points explain the term ’topologically trivial representation’.
The first task is to relate representations of a net to those of the enveloping net bundle.
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Lemma 4.5. Any representation of the net (A, )K extends uniquely to a representation of
(A, )K , and this yields a bijective correspondence between representations of (A, )K and repre-
sentations of (A, )K .
Proof. Let ǫ be the canonical embedding of the net into the enveloping net bundle. For any
representation (σ, V ) of the enveloping net bundle, the pair (σ ◦ ǫ, V ) defines a representation
of the net. Conversely, by (4.6), any representation (π, U) of (A, )K defines a morphism π :
(A, )K → (BH, adU). By Prop. 3.11 there is a unique morphism π
↑ : (A, )K → (BH, adU),
defined by equation (3.27), such that π↑ ◦ ǫ = π. This completes the proof.
We note that the extension of a faithful representation of a net to the enveloping net bundle
need not be faithful.
The next result relates representations of C∗-net bundles to covariant representations of the
associated dynamical system.
Lemma 4.6. Representations of a C∗-net bundle are, up to equivalence, in bijective correspon-
dence with covariant representations of the corresponding holonomy dynamical system.
Proof. We give a sketch of the proof since the reasoning is similar to that of the proof of Lemma
4.1. By (4.6), we have that every representation (π, U) of (A, )K defines a morphism π :
(A, )K → (BH, adU). Thus, by Prop.3.8, we have the morphism of dynamical systems
π∗ : A∗ → B(H) , π∗ ◦ ∗,[p] = adU∗,[p] ◦ π∗ , ∀[p] ∈ π
o
1(K) , (4.10)
i.e., π∗ is a covariant representation of (A∗, π
o
1(K), ∗). Conversely, given a covariant representa-
tion (η, V ) of (A∗, π
o
1(K), ∗) on the Hilbert space H then, again by Prop.3.8, we can define the
net bundle (B(H)∗, adV∗)K and the morphism
η∗ : (A∗∗, ∗∗)K → (B(H)∗, adV∗)K .
Since (A∗∗, ∗∗)K is isomorphic to (A, )K , composing with η∗ gives the desired representation.
After this the relation between injectivity and the existence of faithful representations follows
easily.
Theorem 4.7. The following assertions hold.
(i) A net of C∗-algebras is injective if, and only if, it has faithful representations.
(ii) A net of C∗-algebras is nondegenerate if, and only if, it has nonvanishing representations.
Proof. (i) (⇐) follows by Prop.3.15.i. (⇒) By the previous lemma it suffices to show the existence
of faithful covariant representations for the dynamical system associated with the enveloping net
bundle. But this is true for any dynamical system, completing the proof of (i). A similar
reasoning lead to the proof of (ii).
We discuss the existence of Hilbert space representations. Let (A, G, α) be a C∗-dynamical
system. A G-invariant representation is a representation π of A such that π ◦ αg = π for any
g ∈ G. Let JGA the G-invariant ideal of A generated by the elements A − αg(A) for A ∈ A and
g ∈ G; then we have the following result:
Lemma 4.8. A C∗-dynamical system (A, G, α) has nontrivial G-invariant representations if,
and only if, the ideal JGA is proper.
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Proof. (⇒) If π is an invariant representation, then JGA lays within the Ker(π). (⇐) If J
G
A is
proper, then the quotient Â := A/JGA is not trivial, and since J
G
A is G-invariant, the action α
lifts to an action α̂ on Â. However this action is trivial according to the definition of JGA . So
take a faithful representation σ of Â and define π(A) := σ(Â) for any A ∈ A. Then π ◦ αg(A) =
σ(α̂g(A)) = σ(Â) = π(A) for any A ∈ A and g ∈ G, completing the proof.
We are ready to provide a necessary and sufficient condition for the existence of Hilbert space
representations.
Proposition 4.9. An injective net of C∗-algebras (A, )K has nontrivial Hilbert space represen-
tations if, and only if, the ideal J
πo1(K)
A∗
is proper, where A∗ is the holonomy dynamical system of
the enveloping net bundle.
Proof. Follows straighforwardly from the previous lemma and from Lemma 4.6
Examples of injective nets where this ideal fails to be proper will be given in §5.1.
We now want to characterize those nets having a trivial enveloping net bundle. To this end,
let us introduce the following notion. A representation (π, U) of a net (A, )K is said to be quasi
(topologically) trivial whenever for any o ∈ K the relation
Up ∈ (πo, πo) , p : o→ o , (4.11)
holds. This means that the coupling between the analytical and the topological content of a quasi
trivial representation is ’artificial’, and can be completely removed from this representation. More
precisely, let (π, U) be a quasi trivial representation. Take a path frame Po = {p(a,o), a ∈ K},
and define
σa := adUp(o,a) ◦ πa , a ∈ K ,
Then (σ,1) is a Hilbert space representation of the net. In fact given a ≤ a˜, by (4.11) we have
σa˜ ◦ a˜a = adUp(o,a˜) ◦ πa˜ ◦ a˜a = adUp(o,a˜) ◦ adUa˜a ◦ πa
= adUp(o,a˜)∗(a˜a) ◦ πa = adUp(o,a) ◦ adUp(a,o)∗p(o,a˜)∗(a˜a) ◦ πa = adUp(o,a) ◦ πa = σa .
So, any quasi trivial representation defines in a natural way a Hilbert space representation.
However these two representations are not, in general, equivalent. In fact consider the unitary T
defined by Ta := Up(a,o) , a ∈ K. Then Ta ∈ (σa, πa) for any a ∈ K, but T does not intertwine the
inclusion operators since Ua˜a Ta = U(a˜,a)∗p(a,o) = Ta˜ Upo,a˜)∗(a˜,a)∗p(a,o) , which is different from Ta
unless the holonomy representation defined by U is trivial. It is not surprising that to any Hilbert
space representation (σ,1) of a net one can associate a quasi trivial representation carrying a
nontrivial representation of the fundamental group. In fact, extend σ to the representation (σ↑,1)
of the enveloping net bundle and consider the covariant representation (σ↑∗ ,1) of the holonomy
dynamical system (A∗, π
o
1(K), j∗). If the homotopy group has representations V taking values in
the commutant (σ↑∗ , σ
↑
∗)
7, then the pair (σ↑∗ , V ) is still a covariant representation of the dynamical
system. Turning back to the net, this yields a quasi trivial representation of the net not equivalent
to (σ,1).
We now characterize those nets whose enveloping net bundle is trivial.
Proposition 4.10. The enveloping net bundle of a nondegenerate net is trivial if, and only if,
the net has only quasi trivial representations.
7If for instance σ↑∗ is irreducible (see Appendix A), then pi
o
1
(K) must have 1-dimensional representations.
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Proof. (⇒) Let (π, U) be a representation of a net (A, )K with trivial enveloping net bundle.
Let (π↑, U) be the extension of this representation to (A, )K . Because of triviality p = idAo for
any o ∈ K and for any loop p over o. Therefore adUp ◦ π
↑
o = π
↑
o ◦ p = π
↑
o . By the definition of
π↑, the quasi triviality of (π, U) follows.
(⇐) Consider the holonomy dynamical system (A∗, π
o
1(K), ∗). Let ρ be a faithful representa-
tion of the crossed product A∗⋊π
o
1(K). ρ defines a covariant representation (ρ, U
ρ) of the holon-
omy dynamical system and this, in turns, defines a representation of the enveloping net bundle,
Lemma 4.6, and so a representation of the net (A, )K , Lemma 4.5. Since only quasi trivial repre-
sentations of the net are allowed, Uρ[p] ∈ (ρ, ρ) for any [p] ∈ π
o
1(K). So ρ◦∗,[p] = adU
ρ
[p]◦ρ = ρ for
any [p] ∈ πo1(K). Since ρ is faithful ∗,[p] = idA∗ for any [p] ∈ π
o
1(K), and the proof follows.
The next result relates representations and states.
Lemma 4.11. For any C∗-net bundle (A, )K , the following properties are equivalent.
(i) (A, )K has states.
(ii) There is a representation (π, U) of (A, )K on a Hilbert space H and a family Ω = {Ωa ∈ H}
such that UoaΩa = Ωo for all o ≤ a.
(iii) The holonomy dynamical system (A∗, π
o
1(K), ∗) admits a covariant representation with an
invariant vector.
Proof. (i) ⇒ (ii) Let ω be a state of (A, )K . Given o ∈ K, let (πo,Ho,Ωo) be the GNS
representation associated with the state ωo of the algebra Ao. For any inclusion o ≤ a define
Uaoπo(A)Ωo := πa(ao(A))Ωa , A ∈ Ao .
A routine calculation shows that the Uao : Ho → Ha are unitary operators with Uao πo(·) =
πa ◦ ao(·)Uao. Moreover
Uea Uaoπo(·)Ωo = Ueaπa(ao(·))Ωa = πa(eaao(·))Ωe = Ueoπo(·)Ωo .
Clearly, by definition we have UaoΩo = Ωa. (ii) ⇒ (iii) Define π∗ : A∗ → B(H) as in (4.10)
and consider Ωo ∈ H. Then the condition UaoΩo = Ωa, o ≤ a, implies that UpΩo = Ωo
for any loop p over o, where Up is defined in (4.8). (iii) ⇒ (i) Let (η, V ) be a covariant
representation of (A∗, π
o
1(K), ∗) on the Hilbert space H and ζ ∈ H be a V -invariant vector.
We consider the representation (η∗, V∗) of (A∗∗, ∗∗)K constructed as in Lemma 4.6 and define
ϕa(A) := (ζ, η∗,a(A)ζ), A ∈ A∗∗,a = Ao, a ∈ K. By V -invariance of ζ, and covariance of (η∗, V∗),
we find
ϕa˜ ◦ ∗∗,a˜a(A) = (ζ, (η∗,a ◦ ∗∗,a˜a(A))ζ) = (V∗,a˜aζ, η∗,a(A)V∗,a˜aζ) = ϕa(A) .
Thus ϕ is a state of (A∗∗, ∗∗)K , and composing with the isomorphism with (A, )K yields the
desired state.
We conclude the section giving an easy consequence of the above results in the setting of
G-actions. Let G be a symmetry group for K and (A, , α)K a G-covariant net. A G-covariant
representation of (A, , α)K is a representation (π, U) of (A, )K such that the underlying family
of Hilbert spaces H := {Ho} is endowed with unitary operators Γ
g
o : Ho → Hgo, g ∈ G, o ∈ K,
satisfying the relations
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Γhgo Γ
g
o = Γ
hg
o , g, h ∈ G , o ∈ K ,
adΓgo ◦ πo = πgo ◦ α
g
o , g ∈ G , o ∈ K ,
Γgo˜ Uo˜o = Ug˜o go Γ
g
o , o ≤ o˜ , g ∈ G .
(4.12)
Notice that when (π, U) is topologically trivial, Γ induces a unitary representation of the sym-
metry group, since the inclusion operators Uao are constant. Furthermore, recall that, when G
is a continuous symmetry group of the poset, we assume, by convention, that the G-action on
the net is continuous (see §3.1). Similarly, under these circumstances we assume that for any
G-covariant representation (π, U,Γ), Γ is strongly continuous. This amounts to saying that if
{gλ}Λ is a net in G converging to the identity of the group then, for any o ∈ K and a ∈ K with
a > o, there exists λa ∈ Λ such that gλo ≤ a for any λ ∈ Λ with λ ≥ λa and
‖Ua gλo Γ
gλ
o Ω− Ω‖ → 0 , ∀Ω ∈ Ha . (4.13)
We have the following result.
Proposition 4.12. Let K be a poset with amenable fundamental group and G an amenable
symmetry group of K. Then every injective, G-covariant net of C∗-algebras over K has a G-
covariant representation (π, U,Γ). In particular, if G is a continuous symmetry group of K, then
Γ is strongly continuous.
Proof. Let (A, , α)K be injective. Then by Rem.3.14 it suffices to look for G-covariant represen-
tations of the enveloping net bundle (A, , α)K . Now, by Prop.4.3.ii (A, , α)K has a G-invariant
state ϕ, which, by Lemma 4.11, induces a GNS representation π. Since ϕ is G-invariant, setting
Γgo(πo(T )Ωo) := (πgo ◦ α
g
o(T ))Ωgo , T ∈ Ao ,
for o ∈ K and g ∈ G, we easily find that π is G-covariant. Finally note that if G is a continuous
symmetry group of K, then the action α is continuous by assumption (see §3.1). As observed in
Remark 3.14, the action α of G on the enveloping net bundle is continuous as well. Using this,
a routine calculation shows that Γ is strongly continuous.
5 Injectivity
Injectivity has been related to ”outer properties” of the net: the existence of faithful embedding
into C∗-net bundles or, in particular, the existence of faithful representations. In the present
section we analyze how injectivity relates to ’inner properties’ of the net. More precisely, our aim
is to find conditions on the net itself, which are either necessary or sufficient for injectivity. We
shall discover that injectivity imposes a cohomological condition on the net. This will allow us
to provide examples of degenerate nets, noninjective nets, and of injective nets having no Hilbert
space representation (for a further example of this last case see Ex.A.9). A remarkable result is
that any C∗-net bundle over S1 whose Cˇech cocycle is globally defined is trivial.
Our aim is to introduce a simplicial set which will serve for defining the Cˇech cocycle men-
tioned above. To begin with, let K be a poset, and S, F nonempty subsets of K. We shall write
F ≤ S whenever any element of F is smaller than any elements of S. We now are ready to
define the simplicial set Σ◦∗(K): for n ≥ 0, an n-simplex is a string (F ; on+1, on, . . . , o1) where
on+1, on, . . . , o1 are element of K, called the vertices of the n-simplex, and F is a nonempty
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subset of K, called the support of the n-simplex, satisfying the relation F ≤ {on+1, on, . . . , o1}.
This simplicial set is symmetric since the string whose vertices are a permutation of the vertices
of an n-simplex (F ; on+1, on, . . . , o1) and whose support is F is an n-simplex as well. As usual
Σ◦n(K) will denote the set of n-simplices.
We denote the set of symmetric subsimplicial sets D∗ of Σ
◦
∗(K), with Di ⊆ Σ
◦
i (K) for any
i, by Sub(Σ◦∗(K)). Note that Sub(Σ
◦
∗(K)) is closed under finite or infinite union, and finite
or infinite intersection, if not empty. Elements of Sub(Σ◦∗(K)) are, for instance, Σ
◦
∗(S) for any
nonempty subset S ⊆ K. For any 0-simplex (F, o) of D0, we define the C
∗-algebra
AFo := C
∗{oa(Aa) | a ∈ F} ⊆ Ao .
Definition 5.1. Let (A, )K be a net of C
∗-algebras and D∗ ∈ Sub(Σ
◦
∗(K)). A (generalized)
Cˇech cocycle of (A, )K defined over D∗ is a family ζ := {ζ
F
o˜o | (F ; o˜, o) ∈ D1} of
∗-isomorphisms
ζFo˜o : A
F
o → A
F
o˜ , ∀(F ; o, o˜) ∈ D1 ,
satisfying, for any 1-simplex (F ; o˜, o), the relation
ζFo˜o ◦ oa = o˜a, ∀a ∈ F . (5.1)
Before showing the relation to injectivity, it is convenient to draw some interesting conse-
quences of the above definition. First, the defining relation implies that ζ satisfies
ζFo3o2 ◦ ζ
F
o2o1
= ζFo3o1 , (F ; o1, o2, o3) ∈ D2 , (5.2)
and
ζFo2o1 = ζ
F
o1o2
−1
, (F ; o1, o2) ∈ D1 . (5.3)
The first relation, the cocycle equation8, follows observing that
ζFo3o2 ◦ ζ
F
o2o1
◦ o1o = ζ
F
o3o2
◦ o2o = o3o = ζ
F
o3o1
◦ o1o ,
for any o ∈ F , where we have applied (5.1). A similar reasoning leads to the second relation.
Secondly, the Cˇech cocycle reduces to the inclusion maps when defined on 1-simplices (F ; a, o)
such that o ≤ a, that is
ζFao = ao ↾ A
F
o ,
as an easy consequence of equation (5.1).
Lemma 5.2. Any net (A, )K has a unique Cˇech cocycle.
Proof. Existence. Take a pair o1, o2 ∈ K having a common minorant o. Consider Σ
◦
∗({o1, o2, o}).
Any 1-simplex of Σ◦1({o1, o2, o}) has the form (o; a˜, a) with a, a˜ ∈ {o1, o2}. Then, it is easily seen
that the collection ζ := {ζoa˜a , a, a˜ ∈ {o1, o2}}, where
ζoa˜a : ao(Ao)→ a˜o(Ao) , ζ
o
a˜a ◦ ao(A) := a˜o(A) , ∀A ∈ Ao ,
is a Cˇech cocycle defined over Σ◦∗({o1, o2, o}).
Uniqueness. Let ζα, α ∈ Λ, be the collection of all Cˇech cocycles of the net defined, respec-
tively, over Dα∗ , α ∈ Λ. Set
ζFo˜o := ζ
α,F
o˜o if (F ; o˜, o) ∈ D
α
1 .
The definition is well posed: if (F ; o˜, o) ∈ Dα1 ∩D
β
1 for α, β ∈ Λ, then by (5.1), ζ
α,F
o˜o ◦ oa = o˜a =
ζβ,Fo˜o ◦ oa, for any a ∈ F . So ζ
α,F
o˜o = ζ
β,F
o˜o , because they coincide on the generators of the algebra
AFo . Therefore ζ is a Cˇech cocycle defined over ∪α∈ΛD
α
∗ .
8This cohomology generalizes the Cˇech cohomology for the dual poset introduced in [37].
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We have established the existence and the uniqueness of the Cˇech cocycle of a net. Moreover,
it is clear by the above proof that ∪α∈ΛD
α
∗ is the largest element of Sub(Σ
◦
∗(K)) where the Cˇech
cocycle is defined.
Definition 5.3. Given a net (A, )K . We refer to the largest element of Sub(Σ
◦
∗(K)) where the
Cˇech cocycle of the net is defined as the the domain of the cocycle; we shall say that the cocycle
is globally defined if the domain equals Σ◦∗(K).
From now on our purpose will be to characterize the domain of the Cˇech cocycle of the net
and to establish the relation to injectivity. Part of the information about the domain of the Cˇech
cocycle is transmitted under a faithful embedding. This is the content of the next lemma.
Lemma 5.4. Let ψ : (A, )K → (B, ı)K be a monomorphism. Then the domain D∗ of the Cˇech
cocycle ξ of (B, ı)K is contained in the domain the Cˇech cocycle of (A, )K .
Proof. Given (F ; o˜, o) ∈ D1 we have
ξFo˜o ◦ ψo ◦ oa = ξ
F
o˜o ◦ ıoa ◦ ψa = ıo˜a ◦ ψa = ψo˜ ◦ o˜a ,
for any a ∈ F , where we have used equation (5.1). So (ξFo˜o ◦ ψo)(A
F
o ) = ψo˜(A
F
o˜ ). This and the
uniqueness of the Cˇech cocycle, implies that the composition
ψ−1o˜ ◦ ξ
F
o˜o ◦ ψo , (F ; o˜, o) ∈ D1 ,
is the Cˇech cocycle of the net (A, )K , and the proof follows.
We now make a first step toward the understanding of the roˆle played by the Cˇech cocycle
in the theory.
Lemma 5.5. Let (A, )K be a C
∗-net bundle and let D∗ be the domain of the Cˇech cocycle. Then
given (F ; o˜, o) ∈ D1 we have
ζFo˜o = o˜a ◦ ao , ∀a ∈ F , (5.4)
and
a2o ◦ oa1 = a2o˜ ◦ o˜a1 ∀a1, a2 ∈ F . (5.5)
Proof. First of all note that AFo = Ao, for any F ≤ o, since we are considering a C
∗-net
bundle. Then the first relation derives directly from (5.1). Using the first relation we have
o˜a1 ◦ a1o = o˜a2 ◦ a2o, for any a1, a2 ∈ F , and the second relation follows.
The second equation looks like a triviality result for the C∗-net bundle. In particular, when
the Cˇech cocycle is globally defined, this results asserts that the 1-cocycle defined by , giving
the action of the homotopy group of the holonomy dynamical system (see (3.11)), does not
depends on the support of the 1-simplex: b = b˜ for any pair of 1-simplices such that ∂ib = ∂ib˜
for i = 0, 1. We shall see soon that any C∗-net bundle over S1 having a globally defined Cˇech
cocycle is indeed trivial.
We now start analyzing the relation between injectivity and the Cˇech cocycle.
Lemma 5.6. Let (A, )K be a net of C
∗-algebras and P ⊆ K pathwise connected and such that
(A, )P has a faithful Hilbert space representation. Then Σ
◦
∗(P ) is contained in the domain of
the Cˇech cocycle of the net (A, )K .
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Proof. By hypothesis there exists a C∗-algebra A(P ) (the universal one) and unital faithful ∗-
morphisms ψo : Ao → A(P ), with o ∈ P , such that ψo′ ◦ o′o = ψo for any o ≤ o
′. Now, given
(F ; o2, o1) ∈ Σ
◦
1(P ), for any a1, . . . , an ∈ F , define
ζFo2o1
(
o1a1(A1) · · · o1an(An)
)
:= o2a1(A1) · · · o2an(An) (5.6)
where Ai ∈ Aai for i = 1, . . . , n, and extend ζ
F
o2o1
by linearity to all the ∗-algebra generated by
o1a(Aa) as a varies in F . To prove that ζ
F
o2o1
is isometric we make use of the ψo’s as follows:
‖o2a1(A1)o2a2(A2) · · · o2an(An)‖ =
= ‖ψo2
(
o2a1(A1)o2a2(A2) · · · o2an(An)
)
‖
= ‖(ψo2 ◦ o2a1)(A1) (ψo2 ◦ o2a2)(A2) · · · (ψo2 ◦ o2an)(An)‖
= ‖ψa1(A1)ψa2(A2) · · ·ψan(An)‖
= ‖(ψo1 ◦ o1a1)(A1) (ψo1 ◦ o1a2)(A2) · · · (ψo1 ◦ o1an)(An)‖
= ‖ψo1
(
o1a1(A1)o1a2(A2) · · · o1an(An)
)
‖
= ‖o1a1(A1)o1a2(A2) · · · o1an(An)‖ .
The same reasoning applies to finite linear combinations, hence ζFo2o1 extends by continuity to a
∗-isomorphism from AFo1 to A
F
o2
that, by definition, fulfills (5.1).
The following consequence of Lemma 5.6 will be useful to determine whether a given net is
injective (see Example 5.8).
Corollary 5.7. Let (A, )K be an injective net. Then Σ
◦
∗(P ) is contained in the domain of the
Cˇech cocycle for any connected and simply connected subset P of K.
Two observations are in order. First, the above result applies to C∗-net bundles since any
C∗-net bundle is injective by definition. Secondly, even if any poset K is covered by the set
of its connected and simply connected subsets, the Cˇech cocycle of an injective net may not
be globally defined since Σ◦∗(S) ∪ Σ
◦
∗(P ) may be smaller than Σ
◦
∗(S ∪ P ), for any pair S, P of
nonempty subsets of K. In fact, if there are o ∈ S \ P , a ∈ P \ S and a nonempty subset F of
S ∪ P with F ≤ {o, a}, then the 1-simplex (F ; a, o) ∈ Σ◦1(S ∪ P ) but (F ; a, o) 6∈ Σ
◦
1(S) ∪ Σ
◦
1(P ).
5.1 Examples
Using the results of the previous section we give examples of degenerate nets. Afterwards, we
make some conjecturs concerning the domain of the Cˇech cocycle and the injectivity of the nets.
At the end of the section we give interesting examples of nets coming from complexes of groups.
To begin with we give an example of a degenerate net.
Example 5.8. We consider the poset B with elements {m, o, a, x, y} and order relation m ≤
o, a ≤ x, y, so there is a minimum m and two maximal elements x, y. This poset is simply
connected since it is downward directed (see preliminaries).
We now define a net over B. Let C be a unital C∗-algebra. The fibres are defined as follows:
Cm := C and Ca = Co = Cx = Cy = M2(C). Passing to the inclusion maps, let ρ : C → M2(C) be
the ampliation of C, that is the faithful ∗-morphism defined by
ρ(A) :=
(
A 0
0 A
)
, A ∈ C .
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Let γ : M2(C) → M2(C) be the automorphism defined by γ := AdV where V is the unitary of
M2(C) defined by
V :=
(
0 1
1 0
)
.
Define xm = ym = am = om = ρ, xa = ya = idM2(C), xo = idM2(C) and yo = γ. Since
γ ◦ ρ = ρ, it is easily seen that this system is a net of C∗-algebras denoted by (C, )B.
We now prove that the net (C, )B is not injective. Assuming that (C, )B is injective, and B
being simply connected, the Cˇech cocycle should be globally defined by Cor.5.7. Consider the
projection E ∈M2(C) defined by
E :=
(
1 0
0 0
)
.
Since γ(E) = 1 − E we have ya(E) yo(E) = E γ(E) = 0, while xa(E) xo(E) = E. Therefore,
fixing F := {a, o}, an isomorphism ζFxy : A
F
y → A
F
x fulfilling ζ
F
xy ◦ yo = xo cannot exist, since
we should have
0 = ζFxy (ya(E) yo(E)) = ζ
F
xy(ya(E)) ζ
F
xy(yo(E)) = xa(E) xo(E) = E ,
a contradiction. Finally note that when C is a simple C∗-algebra, the net (C, )B is degenerate.
This is because the fibres of (C, )B are simple, so any representation is trivial. As a consequence,
the enveloping net bundle of (C, )B is the null net bundle.
The next is an example of an injective net having no Hilbert space representations.
Example 5.9. The poset we consider is obtained from the one of the previous example by
removing the minimum, so it is given by C2 := {a, o, x, y} with order relation a, o ≤ x, y. We
call C2 a 2-cylinder, a terminology that will be clarified in [41]. One can easily see that this
poset is not simply connected and that the homotopy group is Z. We now define a net over
C2. Using the same notation as in the previous example, let C be a simple C
∗-algebra, and set
Co = Ca = Cy = Cx = M2(C), and xa = ya = idM2(C), xo = idM2(C), yo = γ. Since there
are no compositions of inclusions in this poset, (C, )C2 is a C
∗-net bundle (all the inclusions are
isomorphisms). (C, )C2 is injective by definition, but the Cˇech cocycle of this net is not globally
defined for the same reason as in the previous example. For, take the projection E and the subset
F = {o, a} of the previous example. Then the Cˇech cocycle is not defined on 1-simplex (F ;x, y),
since as above we should have 0 = ζFxy (ya(E) yo(E)) = E. Hence, by Lemma 5.6, the C
∗-net
bundle (A, )C2 has no Hilbert space representations because the fibres are simple C
∗-algebras.
This also implies that the universal C∗-algebra of (A, )C2 is trivial, i.e. A
u = {0}.
We now analyse the relation between injectivity and the domain of the Cˇech cocycle in the
opposite sense, and ask whether a net is injective on subsets of the poset associated with the
domain of the Cˇech cocycle. We have no general result, however it is our opinion that the
following assertions should hold. First, given a nondegenerate net. If the Cˇech cocycle is defined
on Σ◦∗(P ) for any connected and simply connected subset P of the poset, then the net is should
be injcetive; If the Cˇech cocycle is globally defined, then the net should have faithful Hilbert
space representations. Secondly, a C∗-net bundle is trivial if its Cˇech cocycle is globally defined.
The next is an example supporting the first assertion.
Example 5.10. We consider the 2-cylinder C2 := {o, a, x, y} of the previous example. Let
(A, )C2 be a net of C
∗-algebras. Assume that this net has a globally defined Cˇech cocycle. Then
in particular we have a ∗-isomorphism ζ
{o,a}
yx : A
{o,a}
x → A
{o,a}
y such that
ζ{o,a}yx ◦ xe = ye , ζ
{o,a}
xy ◦ ye = xe , e = o, a . (5.7)
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Denoting a copy of A
{o,a}
x by C yields the diagram
Ax Ay
C
ζ{o,a}yx
??~~~~~~~~
⊆
__@@@@@@@@
Ao
xo
>>~~~~~~~~
Aa
xa
``@@@@@@@@
By (5.7), the desired Hilbert space representation is obtained as a representation of the amalga-
mated free product Ax ∗C Ay.
A proof of the first conjecture seems to be far from to be reached. The above example suggests
that it may be related to the ”realizability” of the generalized amalgamated free product of C∗-
algebras, [9].
The next result supports the second assertion.
Lemma 5.11. Any C∗-net bundle over S1 having a globally defined Cˇech cocycle is trivial.
Proof. Let (A, )I be a C
∗-net bundle over S1 (i.e., I is the set of open connected intervals of
S1 whose closure is properly contained in S1). The homotopy group of I is the same as that of
S1, i.e. Z. We now consider a path in I, defined as follows. Let x, y ∈ I be such that x∪ y = S1
and x ∩ y has two connected components a and o respectively. Clearly a, o ∈ I. Consider the
1-simplices b1 and b2 defined by
|b1| := x , ∂1b1 := a , ∂0b1 := o , |b2| := y , ∂1b2 := o , ∂0b2 := a .
The path b2 ∗ b1 is a loop over a which is not homotopically trivial and whose image under the
isomorphism π1(I) ≃ π1(S
1) is the generator of π1(S
1). As a consequence, (A, )I is trivial if the
isomorphism b2∗b1 generating the holonomy of (A, )I is the identity. Now, since the Cˇech cocycle
is globally defined, it is defined, in particular, on the 1-simplex ({x, y}; a, o). By using equation
(5.5) (within Lemma 5.5) we have that ox ◦ xa = oy ◦ ya, so b2∗b1 = ay ◦ yo ◦ ox ◦ xa = idAa ,
where the homotopy equivalence of the paths b2∗b1 and (ya)∗(yo)∗(xo)∗(xa) has been used.
Note that if a net has a globally defined Cˇech cocycle, then the Cˇech cocycle of the enveloping
net bundle may be not globally defined. In algebraic quantum field theory there are examples
of nets having both faithful Hilbert space representations and faithful representations carrying
a nontrivial representation of the homotopy group of the poset which are not quasi trivial (see
[12, 5]). So the enveloping net bundle is not trivial, Prop.4.10.
In conclusion we present interesting examples of injective and degenerate nets coming from
geometric group theory.
Example 5.12. The triangle poset is a set T of seven elements {m,A,B,C,X, Y, Z} ordered
as follows: m ≤ A,B,C and A,B ≤ X , B,C ≤ Y and A,C ≤ Z. T is downward directed, so
it is simply connected. Any net of groups (G, y)T over T is a triangle of groups and, by the
functor C∗ (§3.2.2), a net of group C∗-algebras (C∗(G),C∗(y))K is associated with (G, y)T . By
the properties of functor C∗, the net (G, y)T embeds faithfully in the colimit group if, and only
if, the net (C∗(G),C∗(y))K embeds faithfully in the universal C
∗-algebra C∗(G)u. Gersten and
Stallings ([42]) gave sufficient conditions for the existence of this faithful embedding in terms
of angles associated to a triangle of groups. However, they also gave an example of a triangle
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of groups which does not satisfy these conditions and has a trivial colimit: take Hm := 1
the trivial group, HA := {a}, HB := {b} and HC := {c} the free groups of one generator,
HX := {a, b | b
2 = aba−1}, HY := {b, c | c
2 = bcb−1} and HZ := {a, c | a
2 = cac−1}. Taking the
inclusion of groups as inclusion maps we get a net of groups (H, i)K . The colimit of this net is
the Mennicke group M(2, 2, 2) = {a, b, c | b2 = aba−1 , c2 = bcb−1 , a2 = cac−1} which is known
to be trivial. So, the corresponding net of group C∗-algebras is degenerate.
Two observations about this example are in order. First, note that (C∗(H),C∗(i))T is a
degenerate net of C∗-algebras having a globally defined Cˇech cocycle (this can be easily seen).
Secondly, it is interesting to analyze the roˆle of the minimum m. Consider the poset T \ {m}
obtained by removing m from T . Any net of C∗-algebras over T \ {m} is injective since any such
a net (A, )T\{m} admits faithful representations. To prove this we use an idea due to Blackadar
([10]). Let κ be a cardinal greater than the cardinality of the algebra Aa for any element a of
T \{m}. Then we set πa as the tensor product of the universal representation ofAa times 1κ. The
trick of the cardinality implies that πa ◦ ao is unitarily equivalent to πo for any inclusion a ≤ o.
So, choose such a unitary opertor Vao for any inclusion o ≤ a. Then, since in T \{m} conpositions
of inclusions are not possible the pair (π, V ) is a faithful representation of (A, )T\{m}. Applying
this result to the example of Gersten and Stallings, we have that the net (C∗(H),C∗(i))T\{m} is
injective and that the net (H, i)T\{m} has faithful representations. However, (C
∗(H),C∗(i))T\{m}
has no Hilbert space representations, because any Hilbert space representation of this net can
be easily extended to a Hilbert space representation of (C∗(H),C∗(y))T and this, as observed
before, is not possible.
6 Comments and outlook
We list some topics and questions arising from the present paper.
1. The examples of nets of C∗-algebras defined by groups of loops, §3.2, might have interesting
applications in algebraic quantum field theory. They are model independent and are constructed
using only the principles of the theory. These examples are still incomplete (see Remark 3.6); a
complete description will be given in a forthcoming paper [16].
2. The present paper poses some new questions, in particular whether an injective net with a
globally defined Cˇech cocycle has faithful Hilbert space representations. The existence of Hilbert
space representations is equivalent to proving that a suitable ideal of the fibre of the enveloping
net bundle is proper (Prop. 4.9). So, one should find a relation between the Cˇech cocycle of the
net to this ideal. Examples where this ideal is not proper have been given in §5.1.
3. As an application of the results of the present work we shall show, in a forthcoming paper
[41], the injectivity of nets over S1, an interesting class due to the applications in conformal field
theory.
4. Finally, we stress that nets of C∗-algebras defined over a (base for the topology of a) space X
carry topological information even when they are not net bundles. In fact, it can be proved that
every net is a precosheaf of local sections of a canonical C∗-bundle (in the topological sense).
This result, and its consequences, is the object of a forthcoming paper ([40]).
A Elementary properties of representations
In this appendix we give some basic properties of representations of nets of C∗-algebras. We
will give particular emphasis to the fact that these can be conveniently described in terms of the
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covariant representations of the dynamical system associated with the enveloping net bundle of
the given net.
More precisely, let (A, )K be a net of C
∗-algebras and (A, )K denote the enveloping net
bundle (see §3.4); then by Prop.3.8 we have a dynamical system (A∗, π
o
1(K), ∗), where A∗ :=
Ao for some fixed o ∈ K. A representation (π, U)K of (A, )K extends, by Lemma 4.5, to a
representation (π↑, U) of (A, )K which, in turns, yields the π
o
1(K)-covariant representation
π↑∗ : A∗ → B(Ho) , U∗ : π
o
1(K)→ U(H) (A.1)
(see Lemma 4.6). We shall keep the above notation throughout the appendix.
A.1 Decomposition of representations
Let (H, U)K denote a Hilbert net bundle. Then the C
∗-net bundle (BH, adU)K is defined, and
we say that a family T = {Ta ∈ B(Ha)} is a section of (BH, adU)K whenever the following
relations are fulfilled,
adUa˜a(Ta) = Ta˜ , ∀a ≤ a˜ .
We denote the set of sections of (BH, adU)K by Σ(BH, adU)K ; this is a unital C
∗-algebra under
the natural ∗-algebraic structure
T + T ′ := {Ta + T
′
a} , T
∗ := {T ∗a } , TT
′ := {TaT
′
a} ,
and C∗-norm defined by ‖T ‖ := ‖To‖, where o ∈ K is fixed. (Since K is pathwise connected, for
every a ∈ K there is a path p : a→ o, so that ‖To‖ = ‖adU∗,[p](Ta)‖ = ‖Ta‖.)
Lemma A.1. Σ(BH, adU)K is isomorphic to the C
∗-algebra of operators in B(Ho) that are
invariant under the holonomy representation
adU∗ : π
o
1(K)→ AutB(Ho) . (A.2)
Proof. If T ∈ Σ(BH, adU)K , then it easily follows fromthe definition of the holonomy represen-
tation (4.9) that To is adU∗-invariant. On the converse, fix a path frame Po = {p(a,o), a ∈ K}.
If To ∈ B(Ho) is adU∗-invariant, define
Ta := adUp(a,o)(To) , a ∈ K .
For any inclusion a ≤ a˜ we have that adUa˜a(Ta) = adUp(a˜,o) ◦ ad{Up(o,a˜) Ua˜o Up(a,o)}(To) =
adUp(a˜,o)(To) = Ta˜, by adU∗-invariance. thus T is a section and the Lemma is proved.
Now, let (π, U) be a representation of (A, )K over the family of Hilbert spaces H := {Ha},
so that (H, U)K is a Hilbert net bundle. We define
Σ(π, U) := {T ∈ Σ(BH, adU)K : Ta ∈ (πa, πa), ∀a ∈ K} , (A.3)
this is clearly a C∗-algebra. Given the covariant representation (A.1), we also define the C∗-
algebra
(π↑∗ , π
↑
∗)U := (π
↑
∗ , π
↑
∗) ∩ {T ∈ B(Ho) : adU∗,[p](T ) = T , ∀p ∈ π
o
1(K)} .
It is clear that changing o ∈ K we get a C∗-algebra isomorphic to (π↑∗ , π
↑
∗)U .
Proposition A.2. Let (A, )K be a net of C
∗-algebras. Then for any representation (π, U) of
(A, )K there is an isomorphism (π
↑
∗ , π
↑
∗)U ≃ Σ(π, U).
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Proof. We pick a path frame Po = {p(a,o), a ∈ K} and define a map
β : (π↑∗ , π
↑
∗)U → Σ(π, U) , β(w)a := adUp(a,o)(w) , a ∈ K .
The above map has image in Σ(π, U) since, for all a ≤ a˜,
β(w)a˜ Ua˜a = Up(a˜,o) wUp(o,a˜) Ua˜a = Ua˜a adU(a˜a)∗p(a˜,o)(w)
= Ua˜a
{
adUp(a˜,o) ◦ adU∗,[p(o,a)∗(a˜a)∗p(a˜,o)]
}
(w) = Ua˜a adUp(a˜,o)(w)
= Ua˜aβ(w)a ,
and, for all T ∈ Aa, a ∈ K,
β(w)a πa(T ) = adUp(a,o)(w)πa(T ) = adUp(a,o)(w)π
↑
a(ιa, T )
= adUp(a,o)(w π
↑
a(p(o,a), T )) = adUp(a,o)(π
↑
a(p(o,a), T )w)
= π↑a(ιa, T ) adUp(a,o)(w) = πa(T )β(w)a .
Finally, β is obviously an isometric ∗-morphism, and defining β′(T ) := To, T ∈ Σ(π, U), yields
an inverse of β.
Definition A.3. A subrepresentation of (π, U) is given by a family H′ := {H′a ⊆ Ha}a of
πa-stable Hilbert subspaces such that Ua˜aH
′
a = H
′
a˜, ∀a ≤ a˜.
Corollary A.4. Subrepresentations of (π, U) are in one-to-one correspondence with projections
of (π↑∗ , π
↑
∗)U .
Proof. By the previous proposition it suffices to check projections of Σ(π, U). If H′ is a subrep-
resentation of (π, U) then for each a ∈ K we define Ea ∈ B(Ha) to be the projection of Ha on
H′a. Clearly Ea ∈ (πa, πa), and since Ua˜aEav = Ua˜av = Ea˜ Ua˜av for all v ∈ H
′
a, we conclude
that adUa˜aEa = Ea˜, a ≤ a˜. Conversely, if E = E
2 = E∗ ∈ Σ(π, U) then we define H′a := EaHa,
a ∈ K, and check that H′ is a subrepresentation of (π, U).
Let 1o ∈ A∗ denote the identity; clearly 1o is invariant under the π
o
1(K)-action, thus, by
covariance, π↑∗(1o) ∈ (π
↑
∗ , π
↑
∗)U . This yields a subrepresentation of (π, U) which, by construction,
is unital and whose complement is a null representation. We say that (π, U) is non-degenerate
whenever π↑∗(1o) is the identity of B(Ho); note that in this case each πo, o ∈ K, is a non-
degenerate Hilbert space representation.
We say that (π, U) is irreducible whenever it does not admit non-vanishing subrepresentations.
By the previous corollary, the irreducibility of (π, U) is equivalent to the condition
(π↑∗ , π
↑
∗)U ≃ C .
Note that irreducibility of (π, U) does not necessarily imply irreducibility of the representations
πa, a ∈ K.
Cyclic vectors. Let us consider, for each a ∈ K, the concrete C∗-algebra generated by
{adUp ◦ πa˜(Aa˜) , p : a˜→ a} ⊆ B(Ha)
coinciding, by Lemmas 4.5 and 4.6, with π↑a(Aa). We fix o ∈ K as usual, consider v ∈ Ho and,
given the path frame Po := {p(a,o) , a ∈ K}, define the closed vector spaces
Uav := closed span{UpUp(a,o)v , p : a→ a} , a ∈ K .
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The space Uav is independent of the choice of path frame, since a different path frame P˜o =
{p˜(a,o) , a ∈ K} yields UpUp˜(a,o)v = Up∗p˜(a,o)∗p(a,o) Up(a,o)v. We then define the family Hv of
Hilbert subspaces
Hv,a := π
↑
a(Aa)U
av , a ∈ K .
Elementary computations show that
πa(Aa)Hv,a ⊆ Hv,a , Ua˜aHv,a = Hv,a˜ , ∀a ≤ a˜ ,
proving the following result:
Lemma A.5. Let (π, U) be a representation of (A, )K . Given o ∈ K and v ∈ Ho, the pair
(π|Hv , U |Hv ) yields a subrepresentation of (π, U).
Definition A.6. Let (π, U) be a representation over the family of Hilbert spaces H and o ∈ K.
Then v ∈ Ho is said to be cyclic for (π, U) whenever Hv,a = Ha for any a ∈ K.
Proposition A.7. Let (π, U) be a representation of the net (A, )K . Then cyclic vectors for
(π, U) are in one-to-one correspondence with cyclic vectors for the induced crossed product rep-
resentation π↑∗ ⋊ U∗ : A∗ ⋊ π
o
1(K) → B(Ho).
Proof. Let v ∈ Ho be cyclic for (π, U). Since poo is homotopic to the trivial loop we conclude
that Uov = {Upv, p : o → o}, thus Hv,o = {π
↑
o(Ao)Up v , p : o → o}, and the condition
Hv,o = Ho is clearly equivalent to the desired cyclicity condition for π
↑
∗⋊U∗. Conversely, assume
that v ∈ Ho is cyclic for π
↑
∗ ⋊ U∗. Then the above argument implies that Ho = Hv,o, and since
each Up : Hv,o → Ha, p : o → a, is unitary, we conclude that Hv,o = Hv,a for any a ∈ K, as
desired.
Corollary A.8. Any non-degenerate representation (π, U) is a direct sum of cyclic representa-
tions.
Proof. It suffices to perform the direct sum decomposition of π↑∗ ⋊ U∗.
A.2 Vector states.
We start with a preliminary remark on representations. Let (A, )K be a net of C
∗-algebras
and π := {πa : Aa → B(Ha)} a family of unital representations on the family of Hilbert spaces
H = {Ha}. We say that (π, U) is a quasi-representation whenever U is a family of isometries
fulfilling
Uoa ∈ (πa, πo ◦ oa) , Ueo = Uea ◦ Uao , ∀a ≤ o ≤ e .
It is easily verified that the pair (H, U)K defines a net of Hilbert spaces.
The GNS construction. Let ω be a state of the net of C∗-algebras (A, )K . Then the GNS
construction yields a family H := {Ha} of Hilbert spaces with maps va : Aa → Ha, a ∈ K, and
a family of representations
πa : Aa → B(Ha) , {πa(T )}{va(T
′)} := va(TT
′) , ∀T, T ′ ∈ Aa ,
having cyclic vectors va := v(1a) ∈ Ha. Each a˜a defines the isometry
Ua˜a : Ha → Ha˜ , Ua˜ava(T ) := va˜(a˜aT ) , T ∈ Ao , a ≤ a˜ ,
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and hence a quasi-representation (π, U) of (A, )K . Note that v := {va} is a section of (H, U)K ,
i.e. Ua˜ava = va˜ for all a ≤ a˜.
Vector states. Let (A, )K be a net of C
∗-algebras and (π, U) a representation. A vector state
is given by a family v := {va ∈ H, ‖v‖ = 1} such that va˜ = Ua˜ava, a ≤ a˜. This induces the state
ωa(·) := (va, ·va), a ∈ K.
A representation does not necessarily yield vector states, indeed this happens if and only if
the underlying Hilbert net bundle H has sections. In the following we give an example of net of
C∗-algebras having representations but no (vector) states.
Example A.9. Let Γn denote the free group with n generators and A∗ := Cb(Γn) the C
∗-algebra
of bounded continuous functions w.r.t. the Haar measure. We denote the left translation by
λ : Γn ×A∗ → A∗ , g, A 7→ λgA =: Ag . (A.4)
Since Γn is not amenable, there are no Γn-invariants states of A∗. Now let M be a space with
π1(M) = Γn (for example, the n-bouquet) and K a good base for the topology of M . Fix o ∈ K,
so that πo1(K) ≃ Γn, and define (A∗∗, λ∗)K as the C
∗-net bundle associated to the dynamical
system (A∗, π
o
1(K), λ) (3.15). By Lemma 4.1 we conclude that (A∗∗, λ∗)K does not have states.
Projective states. Let (A, )K be a net of C
∗-algebras and (π, U) a representation over the
Hilbert net bundle (H, U)K . Assume that there is a subnet of Hilbert spaces (L, λ) of (H, U)K
with rank 1. This means that there is a family v = {va ∈ Ha} of normalized vectors generating
the subspaces La ⊆ Ha, a ∈ K, such that, with λ = {λa˜a ∈ T, a ≤ a˜}, we have
Ua˜ava = λa˜ava˜ , a ≤ a˜ .
In this scenario, the state ω ∈ S(A, )K , ωa := (va, ·va), a ∈ K, is well defined, and we say ω is a
projective state of (A, )K defined in (H, U)K . The following result is an immediate consequence
of the remarks at the beginning of this appendix.
Proposition A.10. Let (A, )K a net of C
∗-algebras and (π, U) a representation over the family
of Hilbert spaces H. Then projective states defined in (H, U)K are in one-to-one correspondence
with rank one projections of (U∗, U∗) ⊆ B(Ho).
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